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ABSTRACT
Spatialandtemporaldiscretizationsare key factorsdecidingthe optimal useof com-
puterresourcesn awetlandmodelingapplication.The discretizationshouldbe suffi-
cientlyfineto describehesolutionwith areasonableesolution andpreventexcessve
numericalerrors.It shouldnotbetoofineto preventtheruntimesbecomingexcessve.
The paperdescribesa studyaimedat understandinghe variationof numericalerrors
andthe runtimesof 1-D and2-D overlandandgroundvaterflow models,in termsof
non-dimensionaspaceandtime discretizations.

Fourieranalysisof thelinearizedgoverningequationis usedin the studyto obtain
analyticalexpressiongor numericalerrorsandrun times. Numericalexperimentsare
carriedout with explicit modelto obtainresultsfor comparison.The paperdescribes
the useof theresultsin selectingspaceandtime discretizationgor wetlandmodeling
applications.

INTRODUCTION

Overlandand groundvater componentsf flow in wetlandmodelsare governedby

nonlinearandlinearparaboligartialdifferentialequationsTheNaturalSystemMVodel

(NSM) andthe SouthFloridaWatermanagementlodel (SFWMM), (Fennemaetal.,

1994, Lal, 1998) are two modelsbasedon diffusion flow that are usedto simulate
flow in the Everglades.Other2-D overlandmodelsusingthe diffusion flow assump-
tion include the WETFLOW model by Fengand Molz (1997), and the modelsby

Hromadkaand Lai (1985). Two dimensionalapplicationof the MODFLOW model
(McDonaldandHarbough 1984)is basecn a similar governingequation Numerical
methodsavailableto solve parabolicequationsusingrectangulaspatialgridsinclude
the explicit method,the alternatingdirection explicit methods(ADE) in the caseof

the NSM/SFWMM models,theimplicit methodsasin WETFLOW andMODFLOW

models,andthe ADI method.



In additionto instability, bothexplicit andimplicit modelshave to considerestric-
tions dueto excessve numericalerrorsaswell asruntimes,if properdiscretizations
arenot used. Theserestrictionsare evaluatedin this study usinganalyticalmethods
employing Fourieranalysisandtheresultsareverified usingnumericalmodels.

NUMERICAL ALGORITHMS
Two dimensionafroundvaterflow or overlandflow with neggligible inertiaeffectscan
beexpresseds(HromadkaandLai, 1985,Lal, 1998).
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in which,K = \/§ for overlandflow whentheManning'sequations used;n, = Man-

ning scoef|C|ent h = waterdepth;S, = watersurfaceslope;Srepresentsourceand
sinkterms.K = hydraulictransmissiity/storagecoeficientin the caseof groundvater
flow. The continuity equationfor anarbitrarycell in the finite volumeformulationis
(Lal, 1998)
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in which AA = areaof thecell; Qng = netinflow to the cell; a = weightingfactorfor
semi-implicitschemesn = time step.For arectangulacell, Qng is givenby

Qret = Ky g j (Hivnj = Hij) +K g j(Hiaj—Hi j)
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Explicit andtheimplicit methodsareobtainedby usinga = 0 and1.0.

ERRORANALYSIS

Numericalstability anderror analysiscanbe studiedusingthe Von Neumanmethod.
In the analysis,the behaior of the numericalschemen responseo an arbitraryi th
harmonicis comparedvith thebehaior of the governingequationwith respecto the
sameharmonic.A harmonicwith a dimensionlessvave numberg = kAx = { is used
in which k = i{f = wave number andL = length of the solutiondomain. The time
variationsof the solutionat frequeng f is representedsinga similar dimensionless
parameterp = fAt in thediscretization Errorsdueto temporalandspatialdiscretiza-
tionsof the Fouriercomponent®f continuoudunctionswhich areexpressedn terms
of wave numbersk andfrequenciesf canbe computedgeometrically The required
dimensionlessliscretizatiorfor a givenmaximumpercentagerrorey is
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Foral%errorin discretizatiorfor example, @ or g of 0.547is adequateyhichmeans,
approximatelyg = 6 discretizationsareneededo describehalf of a sinewave. Simi-
larly, 3 discretizationg@ = 1.05)bring the errorupto6.3%.
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Numericalerrorsarecomputedoy consideringhatthe 1-D and2-D analyticalso-
lutions are of the form H = Hoe ) and H = Hod k1) respectiely. k is
assumedo be samein both x andy directionsin 2-D. The 1-D and 2-D solutions
requiref = Kk? and f = 2Kk?, which give a relationshipdetweerthe frequeng of
waterlevel variationsandthe wave numbersof watersurfaceprofiles. For anumerical
methodsexpressedising(2) and(3), an analyticalexpressiorfor the numericalerror
pertimestepcanbe expressedsa fractionof theamplitude(Hirsch,1989,Lal, 1998)
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in which3 = gf‘ = non-dimensionaform of At; d = 1, 2 for oneandtwo dimensional
problemswith squaregrids. Equation(5) canbe expandedo give
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in which 4+ and— signscorrespondo implicit andexplicit modelsrespectrely. The

cumulatve numericalerroret afteratime T depend®n the numberof time stepsn,

andtheerrorateachtime stepe. €1 is boundby ng, in whichn; = T /At.
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where,k = wave numberof the harmonic.In theapplicationof this equation,T is the
maximumdurationover which a given harmonicstaysin the computationablomain.
In the caseof a boundarydisturbanceaffecting the interior of the solution, T = kx/ f
is the time taken for the disturbanceo travel a distancex from the boundary For
disturbancesreatedy effectssuchastherain, T is roughlythe durationof the flood
decay e for explicit, implicit andsemi-eplicit 1-D and2-D modelsare computed
usingalimited numberof termsin the Taylor seriesof (7). Theexpressiondelon and
arevalid for smalle andg, andusef = dKk? to relatef to k.

et (expl/impl 1-D) ~ fT(pz FB- }) (8)
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Explicit 1-D and2-D modelsrequiref < 0.5 andp < 0.25respectiely, while implicit
methodausemuchlarger3 (Lal, 1998).

RUN TIME
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Computeruntime of amodelis proportionatto the numberof cellsandthenumberof
time steps.For a 2-D problem,computeruntimet; (cpu)assuming fixednumerical
errortamgetis (Lal, 1998)
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in which A = areasimulatedby themodel; T, = periodof simulation;c, = acomputer
dependentonstantepresentingun time per cell pertime step. ¢; = 3.4 x10~° and

6.1 x10~° for explicit and SORmethods.Equation(12) shows thatthe run time in-
creasesapidly as@ decreases.

(12)

NUMERICAL EXPERIMENTS
Two numericalexperimentsareusedto verify theexpressiongor numericalerrorsand
runtimes. In thefirst experiment,a sinusoidalwaterlevel fluctuationH = Hpsin( ft)
was introducedat the boundaryof a 1-D explicit model, andthe solutionwas stud-
ied. TheanalyticalsolutionH = Hoe e ('=k9 with f = 2Kk? is comparedwith the
numericalsolutionto computetheerror T = kx/f is usedin (7) to computeet and
provide thefollowing analyticalexpression.

eT(X) = Bk—(;x

Numericalvaluesof et (x) werecomputedusingsimplemodels.

The secondtestinvolvesflow over a 161 km x 161 km squareare with an ini-
tial water level at the centerof H = [0.4575+ 0.1525coq 1T /rm)|m for r < rp, and
H = 0.305m otherwise,in whichr = radiusfrom the center andr,, = 32188m (Lal,
1998). The periodof simulationis 12 days.Waterlevel atthe centeris computedana-
lytically andnumericallyin thetest.

(13)

RESULTS AND DISCUSSION
Figure 1 shavs a comparisorof the numericalerror per time stepcomputedanalyt-
ically and numericallyfor the 1-D explicit method. The resultsare independenbf
the actualphysicaldimensionsand parameters.They are presentedor threediffer-
entvaluesof ¢. Thefigure shavs thatthe analyticalandnumericalvaluesagreevery
closely

Figure 2 shaws the variation of maximumnumericalerrorsandrun timesof the
2-D overlandflow experimentfor ¢ = 0.31. Thefigure shavs thatthe expressiongor
runtime anderrordevelopedin the studyagreen trendwith valuesobseredin actual
testmodelruns. Detailscanbefoundin the paperby Lal (1998).

The stepsneededo obtainingAx andAt for a hypotheticalnev 2-D groundvater
modelareexplainedusingthefollowing example.Assumethatthemodelhasto bede-
velopedo representvatersurfacedetailsasfine as200m long sinewaves(wavelength
A = 200m. The numericalerrorat 180 m from the boundaryis not to exceed10% of
the amplitude. Assumethat the stresseare 1-D, and are introducedat one bound-
ary. Thediscretizatiorerroris notto exceed6% anywhere. AssumeK = 1007 /s for
groudnvaterflow.



A. For a < 6% spatialdiscretizatiorerror, pick ¢ ~ 1.03using(4).

B. Computek = 21/A = 211/200= 0.0314which givesAx = ¢/k = 32.8m. Round
off Ax to 30 m, makingk = 0.034.Using f = Kk?, computef = 0.116s 1. This
representsariationsof aperiod54 s.

C. Computethetravel time of a boundarydisturbanceusingT = kx/f = 53 s. For a
10% error, use(8) to computef3 as0.197which in turn givesAt as1.77swhe

usingP = KAt /AX2.

D. Checkif this At is small enoughto represenb4 s periodwaves, using(4). The
answelis yes.

E. Equation(12) shavs thattheruntimeis 28 s for arunning54 s of the simulation.
If theruntimeis slightly excessve, relaxthe 10%errorin C, andredothesteps.
If it is extremelyexcessve, give up trying to represen200m long wave profiles,
andredostepsfrom B with thenew k.

CONCLUSIONS
Analytical expressionsare derived for the maximumnumericalerrorsandrun times
of various 1-D and 2-D numericalmethodsusing non-dimensionakpaceand time
discretizationsgp and 3. Numericalexperimentsshaw the validity of the expressions
for both overlandand groundvaterflow. An exampleis shown to illustratethe steps
neededo determinghediscretizationgor a new groundvaterflow model.
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Figure 1. Variationof error with
spatialresolutionfor sinewaves.
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Figure 2: Variation of maxi-
mumerrors(solid symbols)andruntimes(emptysymbols)with (3 usingall four mod-
elswhen@ = 0.31. Solid anddashedines show the trendsin errorsandrun times
respectrely. Note that ADI and SOR symbolscoincide. Squaresymbols= explicit
methoditriangular= ADE; diamond= ADI; circle= SOR.
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