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ABSTRACT
Spatialandtemporaldiscretizationsarekey factorsdecidingtheoptimaluseof com-
puterresourcesin a wetlandmodelingapplication.Thediscretizationshouldbesuffi-
cientlyfineto describethesolutionwith areasonableresolution,andpreventexcessive
numericalerrors.It shouldnotbetoofineto preventtheruntimesbecomingexcessive.
Thepaperdescribesa studyaimedat understandingthevariationof numericalerrors
andtherun timesof 1-D and2-D overlandandgroundwaterflow models,in termsof
non-dimensionalspaceandtime discretizations.

Fourieranalysisof thelinearizedgoverningequationis usedin thestudyto obtain
analyticalexpressionsfor numericalerrorsandrun times.Numericalexperimentsare
carriedout with explicit modelto obtainresultsfor comparison.Thepaperdescribes
theuseof theresultsin selectingspaceandtime discretizationsfor wetlandmodeling
applications.

INTRODUCTION
Overlandandgroundwatercomponentsof flow in wetlandmodelsare governedby
nonlinearandlinearparabolicpartialdifferentialequations.TheNaturalSystemModel
(NSM) andtheSouthFloridaWatermanagementModel (SFWMM), (Fennema,etal.,
1994, Lal, 1998) are two modelsbasedon diffusion flow that are usedto simulate
flow in theEverglades.Other2-D overlandmodelsusingthediffusionflow assump-
tion include the WETFLOW model by Fengand Molz (1997), and the modelsby
HromadkaandLai (1985). Two dimensionalapplicationof the MODFLOW model
(McDonaldandHarbough,1984)is basedonasimilargoverningequation.Numerical
methodsavailableto solve parabolicequationsusingrectangularspatialgrids include
the explicit method,the alternatingdirectionexplicit methods(ADE) in the caseof
theNSM/SFWMM models,the implicit methodsasin WETFLOW andMODFLOW
models,andtheADI method.
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In additionto instability, bothexplicit andimplicit modelshaveto considerrestric-
tionsdueto excessive numericalerrorsaswell asrun times,if properdiscretizations
arenot used. Theserestrictionsareevaluatedin this studyusinganalyticalmethods
employing Fourieranalysis,andtheresultsareverifiedusingnumericalmodels.

NUMERICAL ALGORITHMS
Two dimensionalgroundwaterflow or overlandflow with negligible inertiaeffectscan
beexpressedas(HromadkaandLai, 1985,Lal, 1998).
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nb � Sn
for overlandflow whentheManning’sequationis used;nb

� Man-
ning’s coefficient; h � waterdepth;Sn

� watersurfaceslope;S representssourceand
sinkterms.K � hydraulictransmissivity/storagecoefficient in thecaseof groundwater
flow. Thecontinuityequationfor anarbitrarycell in thefinite volumeformulationis
(Lal, 1998)

Hn � 1
i � j � Hn

i � j � α Qnet � Hn � 1 	 ∆t
∆A � � 1 
 α 	 Qnet � Hn 	 ∆t

∆A
(2)

in which ∆A � areaof thecell; Qnet
� netinflow to thecell; α � weightingfactorfor

semi-implicitschemes;n � timestep.For a rectangularcell, Qnet is givenby
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Explicit andtheimplicit methodsareobtainedby usingα � 0 and1 � 0.

ERROR ANALYSIS
Numericalstability anderroranalysiscanbestudiedusingtheVon Neumanmethod.
In the analysis,thebehavior of the numericalschemein responseto an arbitraryi th
harmonicis comparedwith thebehavior of thegoverningequationwith respectto the
sameharmonic.A harmonicwith a dimensionlesswave numberφ � k∆x � iπ

N is used
in which k � iπ

L
� wave number, andL � lengthof the solutiondomain. The time

variationsof thesolutionat frequency f is representedusinga similar dimensionless
parameterψ � f ∆t in thediscretization.Errorsdueto temporalandspatialdiscretiza-
tionsof theFouriercomponentsof continuousfunctionswhich areexpressedin terms
of wave numbersk andfrequenciesf canbe computedgeometrically. The required
dimensionlessdiscretizationfor agivenmaximumpercentageerrorεd is

φ � � k∆x 	 or ψ � � f ∆t 	 � π 
 εd

143� 0 � 3522
(4)

For a1%errorin discretizationfor example,φ or ψ of 0.547is adequate,whichmeans,
approximatelyπ

φ
� 6 discretizationsareneededto describehalf of a sinewave. Simi-

larly, 3 discretizations(φ � 1.05)bring theerrorupto6.3%.
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Numericalerrorsarecomputedby consideringthatthe1-D and2-D analyticalso-
lutions are of the form H � H0ei � kx � f t � , and H � H0ei � kx � ky � f t � respectively. k is
assumedto be samein both x and y directionsin 2-D. The 1-D and 2-D solutions
require f � Kk2 and f � 2Kk2, which give a relationshipsbetweenthe frequency of
waterlevel variationsandthewavenumbersof watersurfaceprofiles.For anumerical
methodsexpressedusing(2) and(3), ananalyticalexpressionfor thenumericalerror
pertimestepcanbeexpressedasa fractionof theamplitude(Hirsch,1989,Lal, 1998)

ε � 1 
 1 
 4d � 1 
 α 	 βsin2 � φ � 2	
1 � 4dαβsin2 � φ � 2	 1

e � dβφ2 (5)

in which β � K∆t
∆x2 = non-dimensionalform of ∆t; d � 1 � 2 for oneandtwo dimensional

problemswith squaregrids.Equation(5) canbeexpandedto give

ε ��� d2β2φ4

2 � dβφ4

12 � ����� ��� d2k4K2∆t2

2 � dKk4∆t∆x2

12 � ����� (6)

in which � and 
 signscorrespondto implicit andexplicit modelsrespectively. The
cumulativenumericalerrorεT aftera time T dependson thenumberof time stepsnt ,
andtheerrorat eachtimestepε. εT is boundby ntε, in which nt

� T � ∆t.

εT � ε
βφ2T Kk2 � ε

dβφ2 f T (7)

where,k � wave numberof theharmonic.In theapplicationof this equation,T is the
maximumdurationover which a givenharmonicstaysin the computationaldomain.
In thecaseof a boundarydisturbanceaffectingthe interior of thesolution,T � kx � f
is the time taken for the disturbanceto travel a distancex from the boundary. For
disturbancescreatedby effectssuchastherain, T is roughlythedurationof theflood
decay. εT for explicit, implicit andsemi-explicit 1-D and2-D modelsarecomputed
usinga limited numberof termsin theTaylorseriesof (7). Theexpressionsbelow and
arevalid for smallε andφ, anduse f � dKk2 to relate f to k.

εT (expl/impl 1-D) � f T φ2

2 ��� β 
 1
6
	 (8)

εT (semi-impl1-D) � f T � φ2

12

 φ4

12 � β2 
 1
30
	�� (9)

εT (expl/impl 2-D) � f T φ2 � � β 
 1
12
	 (10)

εT (semi-impl2-D) � f T ��
 φ2

6 � 2φ4

3 � β2 � 1
120

	�� (11)

Explicit 1-D and2-D modelsrequireβ � 0 � 5 andβ � 0 � 25respectively, while implicit
methodsusemuchlargerβ (Lal, 1998).

RUN TIME
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Computerruntimeof amodelis proportionalto thenumberof cellsandthenumberof
timesteps.For a2-D problem,computerrun time tr (cpu)assuminga fixednumerical
errortargetis (Lal, 1998)

tr � crTpKAk4

βφ4
� crTpA f 2

4Kβφ4 (12)

in whichA � areasimulatedby themodel;Tp
� periodof simulation;cr

� acomputer
dependentconstantrepresentingrun time percell per time step.cr

� 3.4 � 10� 5 and
6.1 � 10� 5 for explicit andSORmethods.Equation(12) shows that the run time in-
creasesrapidly asφ decreases.

NUMERICAL EXPERIMENTS
Two numericalexperimentsareusedto verify theexpressionsfor numericalerrorsand
run times. In thefirst experiment,a sinusoidalwaterlevel fluctuationH � H0sin� f t 	
wasintroducedat the boundaryof a 1-D explicit model,andthe solutionwasstud-
ied. TheanalyticalsolutionH � H0e � kxei � f t � kx � with f � 2Kk2 is comparedwith the
numericalsolutionto computetheerror. T � kx � f is usedin (7) to computeεT and
provide thefollowing analyticalexpression.

εT � x 	 � kε
βφ2x (13)

Numericalvaluesof εT � x 	 werecomputedusingsimplemodels.
The secondtest involvesflow over a 161 km � 161 km squarearewith an ini-

tial water level at the centerof H �! 0 � 4575� 0 � 1525cos� πr � rm
	#" m for r $ rm and

H � 0 � 305m otherwise,in which r � radiusfrom thecenter, andrm
� 32188m (Lal,

1998).Theperiodof simulationis 12days.Waterlevel at thecenteris computedana-
lytically andnumericallyin thetest.

RESULTS AND DISCUSSION
Figure1 shows a comparisonof the numericalerror per time stepcomputedanalyt-
ically andnumericallyfor the 1-D explicit method. The resultsare independentof
the actualphysicaldimensionsandparameters.They arepresentedfor threediffer-
entvaluesof φ. Thefigureshows that theanalyticalandnumericalvaluesagreevery
closely.

Figure2 shows the variationof maximumnumericalerrorsandrun timesof the
2-D overlandflow experimentfor φ � 0.31.Thefigureshows thattheexpressionsfor
run timeanderrordevelopedin thestudyagreein trendwith valuesobservedin actual
testmodelruns.Detailscanbefoundin thepaperby Lal (1998).

Thestepsneededto obtaining∆x and∆t for a hypotheticalnew 2-D groundwater
modelareexplainedusingthefollowing example.Assumethatthemodelhasto bede-
velopedto representwatersurfacedetailsasfineas200m longsinewaves(wavelength
λ � 200m. Thenumericalerrorat 180m from theboundaryis not to exceed10%of
the amplitude. Assumethat the stressesare 1-D, andare introducedat onebound-
ary. Thediscretizationerroris not to exceed6% anywhere.AssumeK � 100m2 � s for
groudnwaterflow.
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A. For a � 6% spatialdiscretizationerror, pick φ % 1.03using(4).

B. Computek � 2π � λ � 2π � 200 � 0 � 0314which gives∆x � φ � k � 32� 8m. Round
off ∆x to 30m, makingk � 0.034.Using f � Kk2, computef � 0 � 116s � 1. This
representsvariationsof aperiod54 s.

C. Computethetravel time of a boundarydisturbanceusingT � kx � f = 53 s. For a
10%error, use(8) to computeβ as0.197which in turn gives∆t as1.77s whe
usingβ � K∆t � ∆x2.

D. Checkif this ∆t is small enoughto represent54 s periodwaves,using(4). The
answeris yes.

E. Equation(12) shows thattherun time is 28 s for a running54 s of thesimulation.
If therun time is slightly excessive,relaxthe10%errorin C, andredothesteps.
If it is extremelyexcessive,giveuptrying to represent200m longwaveprofiles,
andredostepsfrom B with thenew k.

CONCLUSIONS
Analytical expressionsarederived for the maximumnumericalerrorsandrun times
of various1-D and 2-D numericalmethodsusing non-dimensionalspaceand time
discretizationsφ andβ. Numericalexperimentsshow the validity of the expressions
for both overlandandgroundwaterflow. An exampleis shown to illustratethe steps
neededto determinethediscretizationsfor anew groundwaterflow model.
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Figure1: Variationof error with
spatialresolutionfor sinewaves.
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Figure 2: Variation of maxi-
mumerrors(solidsymbols)andrun times(emptysymbols)with β usingall four mod-
els whenφ � 0.31. Solid anddashedlines show the trendsin errorsandrun times
respectively. Note that ADI andSORsymbolscoincide. Squaresymbols= explicit
method;triangular= ADE; diamond= ADI; circle = SOR.
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