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A weightedimplicit finite volumemodelis developedto simulatetwo dimensional
diffusionflow in arbitrarily shapedareas.The modelusesa mixture of unstructured
trianglesandquadrilateralso discretizethedomain,andamixtureof cell wall typesto
describestructureslevees,andflow functionsthatcharacterizéwo dimensionafiow.
Theimplicit formulation makesthe modelstableandrun fasterwith very large time
steps.Thesparsesystenof linearequationghatresultfrom theimplicit formulationis
solved by usingiterative solversbasedon variouspre-conditionectonjugategradient
methods.The modelwastestedundera variety of conditions. The resultswerecom-
paredto resultsfrom known modelsappliedto axisymmetricandothertestproblems

thathadknown solutions.

The modelwas successfullyappliedto the Oxbow sectionof the KissimmeeRiver
in Florida, andthe resultswere comparedwith resultsfrom physicaland numerical
modelingstudies. This analysisindicatedthat the circumcenteibasedflow function
for wallsthatis usedin themodelgivesoverall superiomresultsin all thecasesonsid-
ered. Resultsof the numericalexperimentsshoved thatthe useof weightedimplicit

methodsanditerative solversprovide modelerswith improved flexibility andcontrol
of the overall accurag andthe run time. The methodis to be usedas an efficient

solutionmethodfor local andregionalmodelingproblemsin SouthFlorida.

INTRODUCTION
Simulationof overlandflow is animportantfunctionof large scalehydrologicmodels.Many such
models,jncludingthe NSM (NaturalSystemModel) andthe SFWMM (SouthFloridaWaterMan-

agemenModel), which areusedto simulatethe hydrologyof SouthFlorida,arebasedon solving
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approximategorms of the St. Venantequationgo simulateoverlandflow. An idealmodelfor the
simulationof 2-D overlandflow is expectedto handlewater bodiesof arbitrary shapeand may
have to usea wide rangeof temporalandspatialfeaturego meetaccurag requirementst differ-

entlocationsandtimes. Someof the historicdevelopmentgelatedto this goalaredescribedn the
texts by Abbott (1979),Tan (1992),and Chaudhry(1993). The featureghat make modelsuseful
for practicalapplicationsncludethe ability to handlewetting anddrying; the ability to simulate
flow throughstructuressuchasweirs, gatesand culverts; andthe ability to handletributary and

sloughinflows.

The earliest2-D modelsto solve the St. Venantequationsvere basedon variousexplicit fi-
nite differencemethodsandrectangulagrids. Liggett andWoolhiser(1967),Chon andBen-Zvi
(1973),andKatopodesand Strelkoff (1978)developedsomeof the early models. More recently
completeequatiormodelshave beendevelopedthatarecapableof handlingtheinertiatermsbetter
andcanproducebetterresultsfor dam-breakypesof dynamicproblems.FennemandChaudhry
(1990) and Garciaand Kahawita (1989) have developedtwo suchmodels. Finite elementand
finite volumemethodsareusefulwhenthe flow domainis arbitraryandthe discretizations non-
uniform. Fenner(1975)and Akanbi and Katopodeg1988)developedmodelsbasedon the finite
elementmethod,and Zhaoet al. (1994) useda finite volume methodfor solving the complete
eguations.Most of the completeequationmodelsthat useirregular grids requirea long time to
run andareinefficient to usein large scalehydrologicapplications suchas modelingof the Ev-
erglades,in which the inertiatermis negligible. The challengeof maintainingboth fine spatial
resolutionandlow runtimescanbe metby usingdiffusionflow modelsin whichtheinertiaterms
arengglected. In diffusion flow modelsone equationis solvedfor the waterlevel, insteadof the

threecoupledequationghatform the St. Venantequations.

Ponceet al. (1978) established theoreticalrangeof applicability for diffusion flow mod-
els. Suchmodelshave beenappliedin the pastby XanthopoulosandKoutitas(1976)to simulate

flood wave problems by AkanandYen (1981)to studychannelkonfluencdlow problemsandby



Hromadkaet al. (1985)to studydamfailure problems.Thesestudiesshovedthat diffusionflow
modelscanbe usedsuccessfullyto simulatea variety of naturalflow conditions.Hromadkaet al.
(1987) alsouseda 2-D diffusion flow modelto compareoverlandflow models. Diffusion flow
modelshave beenusedsuccessfullyto simulatehydrologic conditionsin the Everglades,using
the NSM andthe SFWMM modelsdevelopedby the SouthFlorida Water ManagemenDistrict
(Fennemaetal. 1994).

A finite volumemethodis usefulfor SouthFloridabecausenary of the post-drainagéeatures
in theareatake the shapeof polygonsboundedy leveesandcanals It satisfiesstrict masshalance
becaus®f consenrative property The basicideabehindthefinite volumemethodis to begin with
the consenrative form of the differentialequationjntegrateit over afinite volume,anduseGauss’
theoremto corvertresultsinto surfaceintegralswhich canthenbediscretized Hirsch,1988).Dur-
ing thecomputatiorof thesesurfaceintegralsalongthe cell walls, functionsdefiningaveragewall
fluxesareneeded.Two typesof functionsare usedin this paper onewhich usesa line integral,
andonewhich usesthe circumcentergcentersof the circumscribingcircles) of triangles. In the
caseof structuresor ary otherflow featuresthesewall functionsare replacedwith appropriate
functions. When a cell-centeredinite volume methodis usedwith rectangulamgrids, the finite

volumemethodcollapsego afinite differencemethod.

Theordinarydifferentialequationgesultingfrom thefinite volumeformulationcanbe solved
by usinga weightedimplicit method.Theweightingfactorthatis usedin mary 1-D modelssuch
asDAMBRK (Fread,1973,1988)providescontrol over accurag andstability, andthe weighting
alsomakesit possibleto producesolutionseven understiff conditions. The final solutionof the
finite volumemethodis the solutionof a sparsesystemof linearequationsat every time step.The
availability of a variety of sparsesolver methodsand packageshasmadeit possibleto exercise

controlovertheruntime andaccurag.

Both directanditerative methodsareavailableto solve sparsesystemslteratve methodssuch



asthe preconditionecdtonjugategradientmethod,arelesssusceptibldo round-of error, andthey
aremoreefficient for large problems(Aziz and Settari,1979). Someof the public domainsparse
solversavailablethroughtheInternetincludeSLAP (Seager1988), TemplategBarrett,1993)and
IML++ (Dongarra,1995). Numerouspre-conditionersreusedwith sparsesolversto speedcon-
vergenceandsometimeso make thesolutionfeasible Whenflow conditionsarenearlysteadydue
to negligible disturbancefrom rainfall andotherevents,iterative solversneedvery few iterations.

This featurecanmake the currentmodelrun extremelyfastexceptduringunsteadyevents.

Hydrologicmodelsappliedto the SouthFloridalandscapareexpectedo simulatebothlarge-
scaleflow featuresin the Evergladesand small-scaleflow featuresin urbanareas. They areex-
pectedto be capableof bothlong andshortterm simulationswith relatively shortruntimes. This
paperdescribesheformulation,numericaltesting,numericalerroranalysis andthe successfup-
plicationof themodelto a portionof the Kissimmeeriver. A numberof additionaltestswerecon-
ductedto studythe variationin numericalerrorwith spatialandtemporaldiscretizationsResults
demonstrat¢he fastperformancef the modelwhencomparedo explicit models.Theresultsare
alsousefulin selectingthe spatialandtemporaldiscretizatiorfor future applicationsof the model
to otherareasn SouthFlorida. Someresultsshavn atlow resolutiongyive additionalinformation

aboutthe behaior of numericalerrorsin the modeloutput.

GOVERNING EQUATIONS
Overlandflow is describedby the depth-aeragedflow equationscommonlyreferredto as Saint
VenantequationsTheseequationgonsistof a continuityequatiorandmomentunequationsThe

two dimensionaktontinuity equationfor shallov waterflow is

oh o(hu) ad(hv) B
% T ox +a—y—RF+IN+ET+qea—O (1)

in which u andv arevelocitiesin x andy directions;h = waterdepthin unitsL; RF = rainfall
intensity; IN = infiltration rate; ET = evapotranspiratiomate, all in unitsL/T; gea = volume

rate of overlandflow enteringor leaving canals,measureger unit cell areaper unit time. The



momentumequationsusedin thex andy directionsare

o(hu) | o(w?h)  o(uwh) ,  d(h+2)

a(hv) a(uvh) a(v?h) d(h+2) B
ot et oay the g, Sy =0 3)

in which S¢x and Sfy = componentf friction slopesin x andy directions. The momentum
eguationscanbe combinedwith the continuity equationwithout the sourcetermto producethe

following vectormomentumequation

oV 1 .
E-I-D(évz-l-gH)-i—gSf—}-wa:O (4)

in whichw= 0 x V; V = ui +Vj = velocity vector;S; = friction slopevector;H = h+ z= water
level above the datum;z = bottom elevation above datum. The stepsin obtainingthe equation
arepresentedy Panton(1984). Equation(4) canbe integratedalonga streamline to obtainthe
commonlyusedenegy equation.Thefirst termin (4) whichis thelocal acceleratioriermandthe
secondermwhich is the corvective acceleratioriermareresponsibldor inertiaeffects. Thefirst
termis neglectedin slowly varyingflow to obtaindiffusionflow equationslf flow is irrotational,
w= 0and(4) reducego
OE = -5 (5)

which canalsobe written in termsof thex andy componentsis%—'i = —S¢yx and %—E = —Sty With
E =h+2z+V?/(29) = H+V?/(2g) beingtheenegy headabore the datum.Equation(5) without
thevelocity headin E is normally usedasthefoundationof diffusionflow formulations,in which
thewaterlevel H is usedinsteadof the enegy headE (Hromadkaetal., 1987). Evenif all of the
equationghatfollow areexpressedn termsof H, it canbeshavn thatH in theseequationsanbe
replacedwith E to give thenecessargquationgor conditionsunderwhich the velocity headsare
important. This simple corversionis possiblein slowly varying flow if %(VZ/Zg) is small. Use
of E insteadof H helpsto recorer someof thelostinertiaeffectsin slowly varyingdiffusionflow
at corverging anddiverging boundaries.Unfortunately diffusion flow modelsusingthe velocity

headgeneratesmalloscillationsin unsteadylow problemg(Strelloff etal., 1977),andit becomes



necessaryo useH insteadof E for suchproblems.

The friction slopeS; in (5) is computedusingan equationfor wetlands(Kadlecand Knight,
1996)or a generalform of the Manningequationwritten asV = nibhyi‘ in which n, = Manning
coeficient wheny = 2/3 and A = 1/2; V = v/V2+ u2 = magnitudeof the velocity vector In
diffusionflow S; = S, is assumedin which S, = slopeof thewatersurface(or theenegy surface
whenE is usedxomputeohs\/m. AkanandYen(1981)andHromadkaetal. (1987)

usedthefollowing equationto computeu andv:

K oH K oH
U="hax VT Thay ©

K canbeexpressedor the Manningequationin generaform as

K — nihvﬂsgl for A>1 and |Si|> & )
b
K = Ko for A<l and [S)]<ds (8)

TermKo = h¥+1/(nyd~?) providescontinuityin functionK, andgivesa smootheflow profile for
someproblems thanKg = 0 usedby Hromadka(1985). Depthh = 0 for dry cells. & is usedto
boundK within finite limits; s ~ 10~1%is usedin the studyfor testcasesn singleprecision.\ ~
1 giveslaminarlike flow. K is usefulin linearizingandsimplifying the diffusion flow equation.

Thecontinuityequation(1) canbe expressedusing(6), as

H o _oH o oH
% " axax Tayay S (9)

in which S= RF — IN — ET — gea is the sourceterm. Whenthe velocity headis included,H in
(9) is replacedwith E, asexplainedearlier The equationcanbe solvedfor both surfaceflow and

saturatedyroundvaterflow usingmary of the methodausedto solve parabolicequations.

The finite volume method
In thefinite volumemethod(1) is expressedn thefollowing integral form overanarbitrarycontrol

volumecv

at/ Hdv+/ [ hv) s| dv=0 (10)



in which dv = volume of elementcv. The overall cv canbe subdvidedinto cells. The Gauss
divergencetheoremcanbe usedto simplify the secondvolumeintegral termof (10) andcontrolit
to a surfaceintegral (Hirsch,1988). Equation(10) for all the finite volumecellscanbewrittenin
vectorform as

dH

M= =Q(H) +S (11)

in whichH = [Hy,Ha,...Hm... an]T is avectorcontainingthe averageheadsn all thecells;S=
the sourcetermin vectorform; AA = a diagonalmatrix whoseelementAA (m, m) is equalto the
cellareaAAn in thecaseof acell m; Q andS arethenetinflows andsourcetermsto cells. Thenet
inflow rateto a cell mis givenby
ns _

Qm(H) = r;(F -n)r Al (12)
Al, = lengthof the sider of the ns sidedpolygon; n = nyi + nyj = unit outward normalvector
for the facer of the polygon; F= averageflux rate acrossthe wall per unit length definedas
hu i+ hvj, which is alsoequalto —K[H for free surfacediffusion flow or groundwater flow.
Two alternatve methodsareusedin the modelto computeF for overlandflow. They aretheline-
integral-basednethodsuggestedby Hirsch (1988),andthe circumcentetbasednethodsuggested
by Cordesand Putti (1996). In the caseof flow over structuresand levees,Qm(H) is computed
usingthe appropriatestructureequationsnsteadof the above two methods. In the currentcell-

centeredinite volumeapproachH, ET, RF andIN aredefinedascell averagevalues.

The line-integral-basedmethod for computing the wall flux

This methodcan be usedwith both triangularand quadrilateralcells. Using this method,the
approximateiux F, forawall r in (12)is computedoy usingfluxesat the nodesdefiningthewall.
In Fig. 1,

F = 0.5(Fj + Fy) (13)

in which Iij andFy arethe fluxesat the nodesj andk computedusing—KOH. OH is computed

usinganintegral equationaroundthe nodegHirsch,1988)suchthat

/DH da= j{HndI (14)
\ S
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anddl = lengthof thesidesof thepolygon,referredto asthe“shadav polygon”,with cell centroids

atvertices.Using (14), theflux F j for anodej canbeexpresseds

o — i np - np -
Fj=—Kj(0OH); = —ZA;&J_ - Zal(yp+1—yp—1)l+ lep(Xp—l-l—Xp—l)J (15)
p= p=

inwhichp=1,2,...,nparethecell numbersaroundthenodej formingtheverticesof theshadov
polygon;x,, yp arethe coordinateof thesevertices. In the equation xg,yo at p = 1 mustbere-
placedby Xnp, Ynp, anNdXnp+1, Ynp+1 at p= np mustbereplacedy x;, y1 to completetheintegration
correctly Areasof theshadov pongonsAAj arecomputedoy usinga similar line integration:

o
20A; = % Xp(Yp+1—Yp-1) (16)
p=1

K; arecomputedusing (7) and(8). The nodalvaluesof n, andh in the equationsare obtained
by a weightedaveragingof the valuesof surroundingcells. Therespectie cell areasareusedas

weights.Theline integralsarecomputedcounterclockwiseaspositive.

In the useof the weightedimplicit implementationQ(H) = [Q1,Q>...Qnc]" of (11) is lin-
earizedasM - H. Thematrix M containsinformationaboutthe connectvity amongcells,geom-
etry, andthe roughness.The matrix M is assembledy computingthe flow ratesacrossall of
thewalls using(12), andaddingor subtractingappropriatevolumesfrom the cells. Considerthe
volumelost by donorm, crossingwall r definedby nodesj andk. Equationg(12), (13) andthe

line integralaroundnode | obtainedusing(15) makesthe following modificationto M:

K; Al
Mmp — Mmp— ﬁ [N (Yp+1—Yp-1) + Myr (Xpr1—Xp-1)], P=1,...,np (17)

j
N, Nyr = component®f n for wall r; Al, = lengthof wall r. A similar expressions neededor
nodek. Flow into the recever cell n alsorequirestwo similar expressionswith negative signs

placedon (ny, Nyr).

The circumcenterbasedmethod for computing wall flux
CordesandPutti (1996)shavedtheequivalenceof alow-ordermixedfinite elemenimethodbased

on RTO elements(Raviart and Thomas,1977) with a finite volume methodfor trianglesunder

8



certainconditions. Becausef the equivalencejt is possibleto usean expressionderivedfor the
mixedfinite elementmethodto computeflow ratesfor thefinite volumemethod.In theequivalent
finite volume method,water levels at circumcentersare usedin the computationof flow across
walls. In the mixedfinite elementmethod,waterlevelsin trianglesareassumedo vary linearly,

andthe water level at the centroidis the averagewater level. Using Figure 2 asthe definition
sketch, (F-n), for wall r in (12) is computedas

Hm — Hn

F.n), =AlLK
( )I‘ rr Admn

(18)

in which Adyy, = distancebetweencircumcenterf trianglesm andn; Hy, Hp arethe headsat
the circumcentersK; is computedusing(7) or (8). The depthandthe bedroughnessieededo
computeK, areobtainedby weightedaveragingthe depthandbedroughnes®f cellsmandn. S,

is computedusing

Hj—H?2  (Hm—Hn)2
6 — \/( L=A?, (toF) 19)

in which Hj andHy aretheheadsatnodesj andk, computedasweightedaveragef surrounding

heads.The cell areasare usedasweightsin the averaging. In the semi-implicit formulationthe
computatiorof flow from cell n to minvolvesthe modificationof thefollowing matrix elementas

it receveswaterin cell m:

KAl KAl
Mmn — Mm,n'i'# Mmm — Mm,m—¥
Admn

o (20)

ElementsMnm, Mnn are modified similarly due to water lossesfrom the donor cell n. The
circumcentetbasedmethodcan be usedonly with acute-angledriangles. Whenthis methodis
usedwith obtuseangledtriangles,the circumcenteifalls outsidethe triangle,andthe numerical
error tendsto be large. With rectanglegshe methodbecomesequivalentto the finite difference

method.

The averagewatervelocity in a cell is computedoy usingthe following vectorbasisfunction

developedfor RTO mixed elementsof Raviart and Thomas(1977),andusedby CordesandPutti,



(1996):

1 X—X1 X—Xo X— X3
= SAh Qs1 ] +0Qx | +0ss A = —KDOH (21)
Y—W1 Y=Yz Y—VY3

v

Here,Qs1, Qe, Qg = dischageratesacrosscell walls s1,s2 ands3 countingoutwardsaspositive;
(Xi,¥i) = thecoordinate®f the nodes;(x,y) = coordinate®f ary point,includingthe circumcen-
ter in the currentcaseat which the headis computed.In the caseof right-angledtriangles,Putti

(1996)shavedthatthe mixedfinite elementmethodis equivalentto afinite differencemethod.

Flow thr ough structur esand levees

Whenthemodelis usedto simulatestructureflows, the specificcell walls arereplacedwith struc-
ture type walls, and flow ratesof Qs(H) are usedin (12) insteadof F.n to computestructure
flows. Linearizationof structureflow equationcanbedoneeitherprior to therun usingregression
methodspor duringthe run usingdatafrom previous callsto theroutine. Qs(H) is computedasa
functionof adjacentvaterlevels,gateopeningsandotherphysicalparametersAssumingthatthe
variationof Qs versusAH (AH = Hy,— Hp) is linearduringtwo consecutie time stepsastructure

equationcanbe developedusingtheinformationcollectedduringthetime stepsp andp— 1 as

Qs(AH) = QP+Ks(AH —AHP) for AHP £ AHPL (22)
Qs(AH) = QP otherwise

in whichKs = (QF — Sp_l)/(AH P—AHP-1); p = thetime stepcount. If only theinformationat
time stepp is used,(22) reducedo Qs(AH) = Ks AH, andthe right handside of the systemof
equationsieednot be modified. Theintroductionof a structurebetweercellsm andn modifiesM
asMmn = Mmn+ Ks, Mmm = Mmm— Ks, Mnm = Mnm+Ks, andMp n = Mpn — Ks asin (20). In
thecomputationst wasassumedhatthe headossdueto bedfriction is negligible whencompared
to headlossacrossstructureslf iterationsarecarriedout within atime step,thelinearizationwill
notintroduceerrorsin the solution. Sincerapidflow variationsarenot expectedn diffusionflow,

thelinearizationgivesgoodresultsevenfor structuresaving nonlinearflow relations.
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Whenthereis a structureor a leveetype cell wall, the two-dimensionaflows in adjacentells
are affectedand becomemore nearly one dimensional. The following equation,basedon the
Manningequationjs appliedbetweercellsacrossawall underthis condition:

hHAl /AH\M L
— K,AH = —) AH 2
Qu =Kot ="t (57 23)

Here,ny, h areaveragedbetweencells; Ad = distancebetweenthe cell centroids. Centroidsare
usedto representell locationsin restrictedspace®r closerto structuresanddry cellswherefree
2-D flow cannotbe assumedandslope$, of thewatersurfaceprofile cannotbe determinedaccu-
rately. For thesecellsK, is computedby assuminghatthe watersurfaceslope$, in the Manning

equation's approximatelyequalto 7y .

Boundary conditions

Oneboundaryconditionis neededat eachboundarywith diffusionflow. Specifiedheadandspec-
ified flow arethe mostcommonlyusedtypes. The no-flow type boundaryis implementedsimply
by makinglE: 0in (12). The matrix M needsno modificationunderno-flow conditions.In the
caseof aknown inflow rateQ, into acell i throughthe boundaryor dueto pumpingactiity, row i

of sourcetermSin (11) mustbemodifiedas

S—-S+Q (24)

Sourcetermquantitiessuchasrainfall, ET andinfiltration aresummedsimilarly for celli.

If the flow domainis connectedo an external reserwir asthe boundarycondition, and if
the reserwir water level is Hop, the equationfor flow rate into the domainQ, is linearizedas
Qo = Ko(Ho — Hi), in which Ky is similar to the structureconstants in (22) andH, andH; are
water levels of the water body andthe cell. The modificationsfor matrix M and vector S are
Mii = M — Ko, and§ — § + KoHo. Implementatiorof headboundaryconditionsis explained

later.

Formulation of the weightedimplicit method

Theordinarydifferentialequationg11) derivedusingthefinite volumemethodaresolvedby using

11



thefollowing weightedfinite differenceformulation
AA HM = AA H + Ao QM 4+ (1 - o) QM+ At[aS 4+ (1—0) S (25)

in which H" = averagesurfacewaterlevel in cell i attime stepn; o = time weighting factor;
o = 0 and1l for explicit andimplicit problems.Usinglinearization,(25) canbe expressedsthe

following systemof linearequations:
[AA — aAtM™ L AH = AtM.H "+ At (1— a)[M" = MM H + At[aS™1 + (1—-a)S"] (26)

Here,Q" = M".H". The solutionmH is usedto updatethe headsusingH"*! = H"+mH. The
matrix P = [AA — aAtM™1] is so far symmetric. In mary graduallyvarying problemsM ™1 is

replacedwvith M" to simplify (26) (Akan andYen,1981). Testrunsshaow thatthis is a usefulpro-
cedurefor mary problems.If this assumptioris not madethenM ™1 mustbe updatedby using
aniterative procedurewithin thetime step,by first computingAH using(26) with the mostrecent
estimateof M™1, andnext updatingH™1. Iterationsarecontinuedsimilarly by updatingm "1

andusing (26) until corvergence. Examplesusedin the paperneedonly 2-4 iterationsfor the
convergenceof thewaterlevel up to 4 significantdigits. This type of iterationwasnot usedin the

currentapplication.

Impositionof a headboundaryconditionto a cell i asH; = Hg is carriedout by reconfiguring

row i of P. Theentirerow i is modifiedby using

Rj = 0 for j=12...nc, j#i (27)
Rj =1 for j=1,2...nc, j=i
S = Hg—Hr

Matrix P is sparsefor large problems. The elementdensityis lessthan 1% for a 1000 cell
discretizationWhena = 0, AH in (26) canbe computedoy usinga simplematrix multiplication.
o = 0.5giveshigheraccurag asin the caseof CrankNicholsontype schemesWith rectangular

gridsthefinite volumemethodgivesthefinite differencesolution.

12



Solution of the linear equations

Thenumberof equationsn thesystenof linearequationsn (26)is equalto thenumberof cells,nc.
If the cells are non-uniformandthe physicalpropertiesare non-homogeneoushe problemmay
becomestiff andthe matrixmA — aAtM maybecomaell-conditioned.However, mary fastefficient
iterative sparsesolversthat can handleill-conditioned matriceshave recentlybecomeavailable.
The currentmodelwastestedwith the SLAP solver (Seager1988)andthe PetScsolver (Smith,
1995). Both solversuseiterative conjugategradientmethodsand preconditioners Precondition-
ersareusefulin improving the corvergencerateandthe solvability. Without preconditioningthe
numberof iterationsincreasesvith the conditionnumber The conditionnumberof a matrixis the
ratio of the largestandsmallesteigervalues.If the systemof equationdecomedifficult to solve
with the choicensparsesolver, At canbereduceduntil A — aAtM becomesvell-conditioned.The
needto re-runthe codedueto non-cowvergencecan sometimesde avoided by reusingM with a

smallerAt.

Active researchs underway to develop fastersparsesolvers. A featureavailablewith faster
packagegivesone the ability to solve equationsat eachtime stepasa sequentiabrocessand
incrementallyimprove the solutionby startingfrom the solutionfor the previoustime step. With-
out suchmethodghe sameor nearlythe sameequationsnay still have to be solvedrepeatedlyat
steadyor nearsteadyconditions wastingcomputerresourcesMany of thenew featuresn solvers
canmake the modelrun muchfasterduring sucheventsby carrying out the minimum required
updatingfrom onetime stepto the next andusingonly afew iterations,dependingnthe extentof

transientlow actiities.

NUMERICAL TESTS

The modelwastestedfor accurag by applyingit to a numberof testproblemswith known solu-
tions. The first testwasusedto checkthe ability of the finite volume methodto solve diffusion
equationsaccurately The secondestwascarriedout with 2-D diffusiontype overlandflow. The
remainingtestsweredesignedo carryoutanumericalerrorandstability analysis.

Testl
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A groundvaterexamplefrom Wang(1982)wasusedfor thefirst test. In the testa pumpingwell
was positionedat the centerof a 4000 m x 4000 m squareconfinedaquifer having a constant
transmissiity (K x aquiferdepth)of 300 m?/day anda storagecoeficient of 0.002. A uniform
initial waterlevel of 10m anda constanpumpingrateof 2000m®/s wereassumedThetriangular
discretizationusedwith the modelis the sameasthatshown laterin Fig. 5 with 238 cells, except
that the linear dimensionsare scaleddown to fit the areainto the 4000 m x 4000 m square.
The MODFLOW model(McDonaldandHarbaugh,1984)was setup to simulatethe sameflow
conditionsusinga 40 x 40 squaregrid with 1600cells. Figure 3ashaws the waterlevel contours
attheendof 30 days,obtainedby usingthe circumcentetbasedinite volumemethod.Figure3b
shovsthesamecontoursobtainedoy usingthe MODFLOW model. Drawdown curvesatanumber
of monitoringpointsareshown in Fig. 4. Thefinite volumemethodusingthe line-integral-based
flow functionfailed to producecorvex waterlevel contoursnearthe well, andthe resultsare not
shavn. Thetestshows thatthe circumcenteibasedinite volumemethodwith only 238 cellscan
producerelatively accuratesolutions. The testalso shavs that the circumcentedbasedmethod
givesbetterresultsthantheline-integral-basednethodfor locally converging flow.

Test2

An axisymmetricoverlandflow problemwas usedin the secondtest. The flow characteristics
of this testare someavhat similar to the flow characteristicef the Everglades. The testbedhas

dimensionsl61km x 161km (100miles x 100miles)anda flat bottom.Theinitial conditionis

H = [0.4575+0.1525c0——)|m for r < rme (28)

I'max
H = 0.305m otherwise (29)
in which r = distancefrom the domaincenter;rmax = 32188m. The Manningroughnesss as-
sumedasl.0;RF, IN andET arengglected.An axisymmetridiffusionflow modelwasdeveloped
basedon thefollowing axisymmetriccontinuity equationto obtainan extremelyaccuratesolution
for the problemusingafine resolution

o(hr) n o(uhr)
ot or

=0. (30)
This solution was usedin computingsmall numericalerrorsin the finite volume model under

14



differentresolutions. A model, similar to the 1-D model by Akan and Yen (1981) after a few
modifications,was usedto solve (30) accurately The testwasa 12 day simulationof the water
level usingboth the axisymmetricmodelandthe finite volumemodel. In thetest,Ar = 80.47m
andAt = 1 min wereusedwith the axisymmetricmodelto obtainthe waterlevel in the problem
accurateenoughto computenumericalerrorsin othermodels. The error at the centerwasused
for comparisompurposedecauseheerroris largestat this point. Thewaterlevel computedaccu-
ratelyatthecenteris 0.442105m. Theexpectedcircularshapeof thesolutionwasalsousedto test

accurag of thefinite volumemodels.

Thefinite volumemodelusingthe circumcenteibasedapproachwasusedwith discretizations
of differentrefinementgo recreatethe resultsof the axisymmetricmodel. The results,obtained
using a discretizationof 238 cells and 135 nodesanda time stepof 3 hrs, areshown in Fig. 5.
The SLAP 2.0 sparsesolver packagg Seager1988)wasusedto solve the linear equationsand
convergencevasassumeavhenthelargestchangen the solutionvectore,, < 0.3 x 10-*m. Other
parameteraluesusedwerea = 0.5andds = 1.0 x 1010 (in equationg7) and(8)). Thefigure
shows the grid used,andthe contourplot of waterlevels after 12 days. The waterlevel at the
centerof the circular patch,andat cells at radial distancesof r =11885m andr = 31000m was
monitoredduring the simulation. Figure 6 shows the generalagreemenof waterlevelsat all the
monitoringpoints,usingboththe axisymmetriomodelandthefinite volumemodel. Figure6 also
showsthesolutionatr = 0 obtainedusinga finite volumemodelrunningwith atime stepof 3 hrs,
anda higherresolutionobtainedusing1536c¢cells. As seenn thefigure,thefinite volumesolution
very closelymatcheswith the axisymmetricsolutionat this high resolution.

Numerical error and stability

Theaccuray of resultsobtainedrom a numericalmodeldepend®nthe spatialandtemporaldis-
cretizations.If a modelis usedto simulateflow featuresof a certainwave length,the resolution
of the meshshouldbe sufficientto capturethatwave length. A descriptionof the variationof the
numericalerrorwith the spatialandtemporalresolutionds providedby Lal (1998).To understand

the behaior of the numericalerrorin the currentfinite volume model, triangularmeshef dif-
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ferentlevels of discretizatiorwereusedin the simulationof the flow patternusedin the previous
testcase. The GMS software packagg1995) was usedto generatemeshedor this test. An es-
timate of the numericalerror wasobtainedfor comparisorpurposesy presentinghe numerical
erroratr = 0 after 12 daysasa percentagef the depthatt = 0. Numericalerrorwascomputed
by usingthe previously mentionedaxisymmetricsolution asthe true solution becauseat hasan
error term muchsmallerthanthe error studied. Table 1 shavs a summaryof testresultsfor the
center obtainedby usingcircumcenteibasednethods.Runtimesshowvn arefor a SUN Sparc20
(speed@0 MHz, 4.1 Mflops/s measuredvith the linpack benchmarkest, Dongarra,1993). The
iterationsshavn arethe iterationsinsidethe SLAP2.0solver indicatingthe computationakffort.
In the table Ax wascomputedas/AA¢ in which AA. is the averageareaof atriangularcell. @is
obtainedaskAx, in which k is thewave numberof thewatersurfaceprofile simulatedn themodel
= 21t/ (wavelength). TermTt/@ givesanestimateof the spatialresolutionmeasuredstheaverage
numberof spatialdivisionswithin half the wave lengthof a sinusoidalwatersurfaceprofile. (3 is
thenon-dimensionalime stepsize,which is basedn the analysisof Lal (1998):
L
/S, AX2

B < 0.25 for explicit finite differencemethods.Test0 correspondso the testshavn in Figuresb

(31)

and6 for 238 cells. Resultsof test12 with 1536cellsis alsoshavn in Fig 6. Table1 shows that
the solutionof the finite volume modelapproacheshe axisymmetricsolutionasthe spatialand
temporalresolutionsboth getfiner. This is true whenthe modelis usingthe line-integral-based
methodtoo. Table1 alsoshows thatthe run time decreaseandthe numberof iterationspertime

stepincreasesvhenthetime stepis increased.

A testwasconductedio checkthe stability of the modelunderexplicit conditions(a = 0).
Experimentatiorwith differenttime stepsshaved that At at the pointsof incipientinstability of
the testswasapproximately52 hrs, 4.3 hrsand 3.5 hrsrespectrely with 116,376 and1536cell
configurationdistedin Tablel. Thesetime stepscorrespondo approximate3 valuesof 0.06,0.02
and0.05respectiely. Incipientinstability wasassumedvhendynamicoscillationswerevisible at

the centerof the solution. Theseresultsconfirm, for example,thatthe tests8-11in Table 1, ob-
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tainedfor a = 0.5, would have beenunstableunderexplicit conditions.The approximatestability
limit B ~ 0.05is usefulin selectinghetime stepfor explicit modelruns.Nonlinearinstability was

not studiedduringthetest.

Numericaltestswere conductedo determinethe corvergencebehaior of the finite volume
codeandtheinfluenceof &s in (8) on the performanceof the code. Testsshovedthatthe number
of iterationsincreasedvhen ds wasdecreasedo very low values,becausesomeof the K values
in the matrix becamevery large (Lal etal., 1997),andthe matrix becamemoreunconditionaland
ultimatelyunsohableasaresult. The solutionerrorsatthe centerafter 12 hrswerel mm, 21 mm,
and88 mmasds waschangedo 106, 10-° and10~* respectiely. A large & causeshemodelto
use(8) insteadf (7) moreoften. 8s = 10~ 10 wasusedn theaxisymmetridlow test,andds = 104

wasusedin the Kissimmeestudythatis explainedlater.

Differentsparsesolver optionsin the SLAP 2.0 packagewneretestedwhile runningtestO re-
ferredto in Tablel. The purposeof thetestwasto investigatehe performancef differentsolvers
and pre-conditions.In the SLAP 2.0 packagethe incompleteLU decompositiorwith conjugate
gradient(CG) solver, incompletelLU biconjugategradientsolver, andtheincompleteLU biconju-
gategradientsolverwith LU decompositionwerereliable,andusedtheleastnumberof iterations.
Thelastoptionwasusedin thetest. The numberof solver iterationschangedvith the solvertype
andds which affectstheconditionnumberof thematrix. With largetime stepghe SLAP 2.0solver
convergedonly whenlarge a valuesareused. TherecentlydevelopedPetScsolver (Smithetal.,

1995)wasfoundto be muchmorereliableandfastfor largerproblems.

Application to the KissimmeeRiver

Themodelwasappliedto the anexperimentalareanearweir no. 2 of the KissimmeeRiver Basin,
Florida, usingthe samediscretizationrandthe bedroughnessisedby Zhaoet al. (1994). In the
applicationby Zhaoetal. theunsteadyflow modelRBFVM-2D wasusedoverthetestareashovn

in Fig. 7, which is approximatelyl402m x 1036m. In the figure a flood canalpassed$rom the
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North to the South(left to right in the figure),anda one-notchweir is locatednearthe upstream
endnearC1to divert partof theflow into theriver oxbow. The Manningcoeficientsof the flood
plain, main channelandthe river oxbow are 0.03,0.025and 0.04 respectrely. The numberof
nodesandcellsin the mixedgrid usedby the RBFVM-2D modelandtheline-integral-basedinite
volumemodelare347 and327 respectiely. The samenumbersn the caseof the circumcenter
basedmethodare347and634respectrely. For the circumcentethasednethodthe quadrilaterals
weredividedinto triangles.The resultsof the problemfor aninflow of 221 m*/s atthe upstream
boundaryanda stageof 13.57m at the downstreamboundaryare shovn in Fig 7, afterrunning
themodeluntil areasonablysteadystateis reached.Theresultswereobtainedafterincludingthe
velocity headV?/(2g) in (5). Whenthe samesimulationwasrepeatedvith the omissionof the
velocity head,the waterlevel at C1 droppedby 1 cm. Waterlevels at otherlocationsremained
practicallyunchanged.Figure 7 shavs contoursof waterlevels, andthe water level monitoring
points. The elliptical patchof contoursin the figure shavs a smalldry area. Figure8 shaws the
velocity vectorsdravn at the circumcentersising(21). Theapparenbverlapof arravsin the plot
is dueto the nearright-angledtrianglesin the grid, which make the circumcentersearlyoverlap.

Figure9 shavstheresultsof the sametestobtainedusingtheline-integral-basednethod.

Comparisorof waterlevelsandwatervelocitiesin Table2 shavsthatthewaterlevelsobtained
with the currentmodelagreewith the physicalmodelresultsandthe RBFVM-2D modelresults
atmary locations.However velocitiesat 02, representin@g narrov canalsegmentof the Oxbow,
thatwereobtainedby usingdiffusion flow modelsdid not agreewith othervelocities. Compari-
sonof thecircumcenteibasedmethodwith theline-integral-basednethodshowv thatbothmethods
producedsimilar flow patternsn the Kissimmeeapplication,unlike in thetestcaseswith alocally
convergentor divergentflow fieldsin whichtheline-integral-baseanethodproducedunacceptable
local results. This occurredbecausdhe averageclE in (13) doesnot provide a very accuratees-
timate of dischagesacrosswalls in acuteangledtriangles. Certainvelocitiesnearthe boundary
arenotshavn in Table2 becausdine integralscould not be computedwith this methodwithouta

closedpathof integration.
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With the Kissimmeeapplicationit wasalsofoundthatthe line-integral-baseanethodrequired
approximatelyb0 iterationswhenusing 20 s time stepsandthe SLAP conjugategradientmethod
using LU decompositiorpreconditioner The circumcentemmethodrequiredapproximately200
iterationsfor the samecase.Theruntime for the currentmodelis a smallfractionof theruntime
of explicit modelssuchasRBFVM2D requiring1-2 stime steps.The PetScsolver (Smith,1995)
with anew C++ versionof thecurrentmodelcanreducethe numberof iterationsto lessthan5 with
even largertime steps,andmake the modelrun muchfaster With the developmentof betterand
fasterexternalsparsesolversusingparallelprocessingand othermethods)arge scaleapplication
of themodelto SouthFlorida continueso becomdessexpensve, just with the upgradingof the

solver.

SUMMARY AND CONCLUSIONS

An implicit finite volumemodelwasdevelopedio simulatediffusionflow acrossarbitrarily shaped
landscapesTestswereconductedo verify themodelresultsby comparinghemwith resultsfrom

theMODFLOW modelandanaxisymmetrianodel. Themodelwasalsoappliedto avarietyof test
problemsusingarangeof spatialandtemporaldiscretizationgo studythe behaior of numerical
errors. Resultsshav thatnumericalerrorstendto becomesmallerwith finer discretizationsthus
confirmingthe numericalconsisteng condition. The explicit option (a = 0.0) shoved incipient
instability whenthe non-dimensionaime step3 exceedsapproximately0.05. Theimplicit option

wasstablefor large valuesof . Resultsshow that, by selectinga spatialresolution(rt/¢) of more
thanabout3 divisionsperhalf sinewave, numericalerrorsfor thetestproblemscanbereducedo

lessthat1%.

The model useddifferentwall typesto represensstructureflows, no flows, and 2-D flows.
Flow across2-D walls werecomputedby usingaline-integral-basednethodanda circumcenter
basednethod.Resultsshowv thatthe circumcenteibasednethodproducedetterresultsunderall

the conditionstested,and that the line-integral-basednethodsproducedocal errorswhenused
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with triangulardiscretizationgo simulatelocally corvergentor divergentflow patterns.Theline-

integral-baseanethodbecomeshechoicewhenpolygons nottrianglesareusedin thediscretiza-
tion. This methodalso neededewer iterationsinside the solver whenusedwith testproblems.
Application of both methodgo the KissimmeeRiver shows thatthe resultsagreewith the results
of the physicalmodelandthe RBFVM-2D model. The sameapplicationshaved that, while the
RBFVM-2D modelneededL-2 s time stepsthe currentmodelcould be run fasterwith time steps

over 10timesaslarge,evenwith oldersolvers,andmary moretimesfasterwith modernsolvers.

The structureof the currentfinite volume model allows new wall flow function typesto be
addedto the existing circumcenterand line integral types,and new structuretypesto be added
in the sameway. This featureis usefulfor future extensionsof the modelinto morecomplicated
areasof SouthFlorida andthe Everglades. Increasinglypowerful sparsesolverscancontinueto
speedcomputationsn the future and make it possibleto simulateflows with muchfiner spatial

resolutionsaandlargertime stepsotherwisepossible asdemonstrateth the examples.
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DEFINITION OF VARIABLES

Variable Definition

E enegy head(m).

IEr averageflux vectoracrosghewall r.

= flux vectoratanodek.

g gravitationalacceleration.

H averagewaterlevelsof all thecells,in vectorform (m).

H waterlevelsatthenodegm).

h depthof water(m).

K hydraulicconductvity (m/s).

M matrix obtainedafterlinearizingQ.

n unit normalto awall.

Np Manningroughnessoeficient.

Q(H) inflow into all thecells,in vectorform.

Qs flow rateacrossa structure.

S sourceor sink termsfor all thecells,in avectorform.
S friction slopevector

S slopeof thewatersurfaceor theenegy surface.

Vv flow velocity vector

u,v x andy component®f flow velocity (m/s).

X,y spacecoordinategm).

X,y nodalcoordinates.

z groundelevationabove datum(m).

AA adiagonalmatrix with the cell areasatthe diagonals.
AA areaof cell i
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Variable Definition

A

AA; areaof shadav cell i

Adm distancebetweercircumcenter®f trianglesm andn.

Al lengthof wall r.

Os slopebelow which only anapproximateManningeq. is used.
At time step(s).
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Tablel: Solutionsof thetestproblemsusingvariousdiscretizationsResultsof testO with non-homogeneouslisare

shavnin Figs5 and6. CPUis anabbreviation for centralprocessingunit time.

Test| No.elem.| No.nodes| CPU(s) | No.iter. | Ax(m) At (S) | hena (M) | T/ @ Bl €%
1 116 69 24 18 | 14939| 51840| 0.4488| 2.15| 0.016| 1.09
2 116 69 8.8 12 | 14939| 10368| 0.4484| 2.15| 0.003| 1.03
3 116 69 16.4 11 | 14939 5184 | 0.4484| 2.15| 0.002| 1.02
4 376 209 6.0 40| 8298 | 207360| 0.4450| 3.88| 0.212| 0.48
5 376 209 25.1 19| 8298 | 20736| 0.4446| 3.88| 0.021| 0.40
6 376 209 43.6 17| 8298| 10368| 0.4444| 3.88| 0.011| 0.38
7 376 209 78.8 13| 8298 5184 | 0.4444)| 3.88 | 0.005| 0.37
8 1536 809 60.1 104 | 4105| 518400| 0.4540| 7.84 | 2.166| 1.96
9 1536 809 75.3 78 | 4105| 207360| 0.4449| 7.84| 0.866| 0.48
10 1536 809 98.3 67 | 4105| 103680| 0.4450| 7.84| 0.433| 0.48
11 1536 809 258.0 35| 4105| 20736| 0.4439| 7.84| 0.087| 0.29
12 1536 809 436.0 27 | 4105| 10368| 0.4437| 7.84| 0.043| 0.27

0 238 135 27.7 1| 10429 5184 | 0.4390 0.50| 0.49
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Table2: Comparisorof physicalmodelresultswith the resultsof the finite volumemodelsusing
circumcentetbasedwalls andline-integral-basedvalls. Resultsof the finite RBFVM-2D model

by Zhaoetal. (1994)arealsoshawvn.
Gage| Physicalmodel | RBFVM-2D model| Circum.meth. | Lineint. Meth.

Velocity | Stage| Velocity Stage| Velocity | Stage| Velocity | Stage

m/s m m/s m m/s m m/s m
Ci 0.30| 13.87 0.29 13.78 0.24| 13.87 —113.85
C3 0.23| 13.57 0.21 13.60 0.26| 13.66 —113.62

C4 0.23| 13.57 0.25 13.60 0.25| 13.61 0.28| 13.61
C5 0.23| 13.57 0.29 13.57 0.25] 13.60 0.29 13.59
C6 0.23| 13.57 0.31 13.58 0.27| 13.57 0.27| 13.58
C7 0.29| 13.57 0.33 13.69 0.21| 13.57 - | 13.57
o1 0.85]| 13.67 0.67 13.69 0.98| 13.77 0.70| 13.73
02 0.49| 13.67 0.44 13.64 0.06 | 13.60 0.14| 13.64
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LIST OF FIGURES

Fig. 1: A diagramshawing the definitionof variablesusedin theline integral method.

Fig. 2: A diagramshawing the definitionof variablesusedin the circumcentemethod.

Fig. 3 a: Drawdown contoursobtainedusingthefinite volumemodel.

Fig. 3 b: Drawdown contoursobtainedusingthe MODFLOW model.

Fig. 4: Variationof dravdown with time at differentdistances.

Fig. 5: A contourplot of thewaterlevelsin theaxisymmetridestproblem.

Fig. 6: Variationof thewaterlevel with time in the axisymmetrictestproblem.

Fig. 7: A contourplot of the waterlevelsin the Kissimmeeriver, obtainedusingthe circumcenter
method.

Fig. 8: A vectorplot of thewatervelocitiesin theKissimmeeiverobtainedusingthecircumcenter
basedwalls.

Fig. 9: A contourplot of the waterlevelsin the Kissimmeeriver, obtainedusingtheline-integral-

basedwalls.
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Fig. 2: A diagramshawing the definitionof variablesusedin the circumcentemethod.

30



4000 p=r—r—r

3000

Distance, m
N
o
o
o

1000

» » » 'l I » » » 'l » » » 'l I » » » 'l
0 1000 2000 3000 4000
Distance, m

Fig. 3 a: Drawdown contoursobtainedusing

thefinite volumemodel.

31



4000 F—

3000

Distance, m
N
o
o
o

1000

. g P T AT SR |
2000 3000 4000
Distance, m

PR T
1000

Fig. 3 b: Drawdown contoursobtainedusing

the MODFLOW model.

32



6F

5F
£ 4t N
- N Finite volume -
g Modflow ]
O 2L -
© 3 s o
=
©
O

Time, days

Fig. 4: Variationof dravdown with time at

differentdistances.

33



150000

Dist., m

50000

a e o
[ ]

L g 1 3 | L Ly I

50000 100000 150000
Distance, m

Fig. 5: A contourplot of the water

levelsin theaxisymmetrictestproblem.

34



0.65

o
o ol o
ol a1 o

BE U

Water level, m
o
LN
(@) ]

— — — - Finite volume (238 cells)
Axisymmetric

FV (1536 cells)

0.4
0.35 r=31000 m
0.3 -
| | ] | | | | ] | | | |
100 200
Time, Hrs

Fig. 6: Variation of the water level

with time in the axisymmetrictestproblem.

35



1200 |-
1000 |-
800

600 k=

Distance, m

400 =9

200 F3 5

0 200 400 600 800 1000 1200 1400

Distance, m

Fig. 7: A contourplot of the water

levelsin the Kissimmeeriver, obtainedusingthe circumcentemethod

36



1200 -
1000 - 1.0 m/s
800

600 |

Distance, m

400

200

200 400 600 800 1000 1200 1400
Distance, m

Fig. 8: A vectorplot of the waterve-

locitiesin the Kissimmeeriver obtainedusingthe circumcenteibasedvalls.

37



1200

1000

m
®©
o
o

Distance,

400 b

200 RN

[ENTRNEINN (OO0 ROSONOR IO ISR WA O ARSI WOV WO WO MEER S NN T ANRRNEEN NN BRI N

200 400 600 800 1000 1200 1400
Distance, m

Fig. 9: A contourplot of the water

levelsin the Kissimmeeriver, obtainedusingthe line-integral-basedvalls.

38



