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A weightedimplicit finite volumemodelis developedto simulatetwo dimensional

diffusionflow in arbitrarily shapedareas.The modelusesa mixture of unstructured

trianglesandquadrilateralsto discretizethedomain,andamixtureof cell wall typesto

describestructures,levees,andflow functionsthatcharacterizetwo dimensionalflow.

The implicit formulationmakesthemodelstableandrun fasterwith very large time

steps.Thesparsesystemof linearequationsthatresultfrom theimplicit formulationis

solvedby usingiterative solversbasedon variouspre-conditionedconjugategradient

methods.Themodelwastestedundera varietyof conditions.Theresultswerecom-

paredto resultsfrom known modelsappliedto axisymmetricandothertestproblems

thathadknown solutions.

The modelwassuccessfullyappliedto the Oxbow sectionof the KissimmeeRiver

in Florida, andthe resultswerecomparedwith resultsfrom physicalandnumerical

modelingstudies.This analysisindicatedthat the circumcenter-basedflow function

for walls thatis usedin themodelgivesoverallsuperiorresultsin all thecasesconsid-

ered. Resultsof thenumericalexperimentsshowedthat theuseof weightedimplicit

methodsanditerative solversprovide modelerswith improvedflexibility andcontrol

of the overall accuracy and the run time. The methodis to be usedasan efficient

solutionmethodfor localandregionalmodelingproblemsin SouthFlorida.

INTRODUCTION

Simulationof overlandflow is animportantfunctionof largescalehydrologicmodels.Many such

models,includingtheNSM (NaturalSystemModel)andtheSFWMM (SouthFloridaWaterMan-

agementModel),whichareusedto simulatethehydrologyof SouthFlorida,arebasedon solving
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approximateformsof theSt. Venantequationsto simulateoverlandflow. An idealmodelfor the

simulationof 2-D overlandflow is expectedto handlewaterbodiesof arbitraryshapeandmay

have to usea wide rangeof temporalandspatialfeaturesto meetaccuracy requirementsat differ-

entlocationsandtimes.Someof thehistoricdevelopmentsrelatedto thisgoalaredescribedin the

texts by Abbott (1979),Tan(1992),andChaudhry(1993). The featuresthatmake modelsuseful

for practicalapplicationsincludetheability to handlewettinganddrying; theability to simulate

flow throughstructuressuchasweirs, gatesandculverts;andthe ability to handletributary and

sloughinflows.

The earliest2-D modelsto solve the St. Venantequationswerebasedon variousexplicit fi-

nite differencemethodsandrectangulargrids. Liggett andWoolhiser(1967),Chow andBen-Zvi

(1973),andKatopodesandStrelkoff (1978)developedsomeof theearlymodels.More recently,

completeequationmodelshavebeendevelopedthatarecapableof handlingtheinertiatermsbetter

andcanproducebetterresultsfor dam-breaktypesof dynamicproblems.FennemaandChaudhry

(1990) and GarciaandKahawita (1989) have developedtwo suchmodels. Finite elementand

finite volumemethodsareusefulwhentheflow domainis arbitraryandthediscretizationis non-

uniform. Fenner(1975)andAkanbi andKatopodes(1988)developedmodelsbasedon thefinite

elementmethod,andZhaoet al. (1994)useda finite volumemethodfor solving the complete

equations.Most of the completeequationmodelsthat useirregular grids requirea long time to

run andareinefficient to usein large scalehydrologicapplications,suchasmodelingof theEv-

erglades,in which the inertia term is negligible. The challengeof maintainingboth fine spatial

resolutionandlow run timescanbemetby usingdiffusionflow modelsin which theinertiaterms

areneglected.In diffusionflow modelsoneequationis solved for thewaterlevel, insteadof the

threecoupledequationsthatform theSt. Venantequations.

Ponceet al. (1978) establisheda theoreticalrangeof applicability for diffusion flow mod-

els. Suchmodelshave beenappliedin thepastby XanthopoulosandKoutitas(1976)to simulate

flood waveproblems,by Akan andYen(1981)to studychannelconfluenceflow problemsandby
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Hromadkaet al. (1985)to studydamfailureproblems.Thesestudiesshowedthatdiffusionflow

modelscanbeusedsuccessfullyto simulatea varietyof naturalflow conditions.Hromadkaet al.

(1987)alsouseda 2-D diffusion flow model to compareoverlandflow models. Dif fusion flow

modelshave beenusedsuccessfullyto simulatehydrologicconditionsin the Everglades,using

the NSM andthe SFWMM modelsdevelopedby the SouthFlorida WaterManagementDistrict

(Fennemaet al. 1994).

A finite volumemethodis usefulfor SouthFloridabecausemany of thepost-drainagefeatures

in theareataketheshapeof polygonsboundedby leveesandcanals.It satisfiesstrictmassbalance

becauseof conservativeproperty. Thebasicideabehindthefinite volumemethodis to begin with

theconservative form of thedifferentialequation,integrateit overafinite volume,anduseGauss’

theoremto convertresultsinto surfaceintegralswhichcanthenbediscretized(Hirsch,1988).Dur-

ing thecomputationof thesesurfaceintegralsalongthecell walls, functionsdefiningaveragewall

fluxesareneeded.Two typesof functionsareusedin this paper, onewhich usesa line integral,

andonewhich usesthe circumcenters(centersof the circumscribingcircles)of triangles. In the

caseof structuresor any otherflow features,thesewall functionsarereplacedwith appropriate

functions. Whena cell-centeredfinite volumemethodis usedwith rectangulargrids, the finite

volumemethodcollapsesto afinite differencemethod.

Theordinarydifferentialequationsresultingfrom thefinite volumeformulationcanbesolved

by usinga weightedimplicit method.Theweightingfactorthat is usedin many 1-D modelssuch

asDAMBRK (Fread,1973,1988)providescontrolover accuracy andstability, andtheweighting

alsomakesit possibleto producesolutionsevenunderstiff conditions.The final solutionof the

finite volumemethodis thesolutionof asparsesystemof linearequationsat every timestep.The

availability of a variety of sparsesolver methodsandpackageshasmadeit possibleto exercise

controlover therun timeandaccuracy.

Bothdirectanditerativemethodsareavailableto solvesparsesystems.Iterativemethods,such
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asthepreconditionedconjugategradientmethod,arelesssusceptibleto round-off error, andthey

aremoreefficient for largeproblems(Aziz andSettari,1979).Someof thepublic domainsparse

solversavailablethroughtheInternetincludeSLAP(Seager, 1988),Templates(Barrett,1993)and

IML++ (Dongarra,1995). Numerouspre-conditionersareusedwith sparsesolversto speedcon-

vergenceandsometimesto makethesolutionfeasible.Whenflow conditionsarenearlysteadydue

to negligible disturbancesfrom rainfall andotherevents,iterativesolversneedvery few iterations.

This featurecanmake thecurrentmodelrun extremelyfastexceptduringunsteadyevents.

Hydrologicmodelsappliedto theSouthFloridalandscapeareexpectedto simulatebothlarge-

scaleflow featuresin the Evergladesandsmall-scaleflow featuresin urbanareas.They areex-

pectedto becapableof bothlong andshorttermsimulationswith relatively shortrun times.This

paperdescribestheformulation,numericaltesting,numericalerroranalysis,andthesuccessfulap-

plicationof themodelto aportionof theKissimmeeriver. A numberof additionaltestswerecon-

ductedto studythevariationin numericalerrorwith spatialandtemporaldiscretizations.Results

demonstratethefastperformanceof themodelwhencomparedto explicit models.Theresultsare

alsousefulin selectingthespatialandtemporaldiscretizationfor futureapplicationsof themodel

to otherareasin SouthFlorida.Someresultsshown at low resolutionsgiveadditionalinformation

aboutthebehavior of numericalerrorsin themodeloutput.

GOVERNING EQUATIONS

Overlandflow is describedby the depth-averagedflow equationscommonlyreferredto asSaint

Venantequations.Theseequationsconsistof acontinuityequationandmomentumequations.The

two dimensionalcontinuityequationfor shallow waterflow is

∂h
∂t
� ∂ � hu �

∂x
� ∂ � hv �

∂y � RF
�

IN
�

ET
�

qea � 0 (1)

in which u andv arevelocitiesin x andy directions;h � waterdepthin units L; RF � rainfall

intensity; IN � infiltration rate; ET � evapotranspirationrate, all in units L � T ; qea � volume

rateof overlandflow enteringor leaving canals,measuredper unit cell areaper unit time. The
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momentumequationsusedin thex andy directionsare

∂ � hu �
∂t

� ∂ � u2h �
∂x

� ∂ � uvh �
∂y

�
hg

∂ � h � z �
∂x

�
ghS f x � 0 (2)

∂ � hv �
∂t

� ∂ � uvh �
∂x

� ∂ � v2h �
∂y

�
hg

∂ � h � z �
∂y

�
ghS f y � 0 (3)

in which S f x and S f y � componentsof friction slopesin x and y directions. The momentum

equationscanbe combinedwith the continuity equationwithout the sourceterm to producethe

following vectormomentumequation

∂V
∂t

� ∇ � 1
2

V 2 � gH � � g �S f
�

V � ω � 0 (4)

in which ω � ∇ � V; V � ui
�

vj � velocity vector; �S f � friction slopevector;H � h
�

z � water

level above the datum;z � bottomelevation above datum. The stepsin obtainingthe equation

arepresentedby Panton(1984). Equation(4) canbe integratedalonga streamline to obtainthe

commonlyusedenergy equation.Thefirst termin (4) which is thelocal accelerationtermandthe

secondtermwhich is theconvectiveaccelerationtermareresponsiblefor inertiaeffects.Thefirst

termis neglectedin slowly varyingflow to obtaindiffusionflow equations.If flow is irrotational,

ω � 0 and(4) reducesto

∇E � � �S f (5)

which canalsobewritten in termsof thex andy componentsas ∂E
∂x � � S f x and ∂E

∂x � � S f y with

E � h
�

z
�

V 2 ��� 2g � � H
�

V 2 ��� 2g � beingtheenergy headabovethedatum.Equation(5) without

thevelocityheadin E is normallyusedasthefoundationof diffusionflow formulations,in which

thewaterlevel H is usedinsteadof theenergy headE (Hromadkaet al., 1987).Evenif all of the

equationsthatfollow areexpressedin termsof H, it canbeshown thatH in theseequationscanbe

replacedwith E to give thenecessaryequationsfor conditionsunderwhich thevelocityheadsare

important. This simpleconversionis possiblein slowly varyingflow if ∂
∂t � V 2 � 2g � is small. Use

of E insteadof H helpsto recover someof thelost inertiaeffectsin slowly varyingdiffusionflow

at converging anddiverging boundaries.Unfortunately, diffusionflow modelsusingthevelocity

headgeneratesmalloscillationsin unsteadyflow problems(Strelkoff etal., 1977),andit becomes
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necessaryto useH insteadof E for suchproblems.

The friction slope �S f in (5) is computedusingan equationfor wetlands(KadlecandKnight,

1996)or a generalform of theManningequationwritten asV � 1
nb

hγSλ
f in which nb � Manning

coefficient when γ � 2/3 and λ � 1/2; V �
	 v2 � u2 � magnitudeof the velocity vector. In

diffusionflow S f � Sn is assumed,in which Sn � slopeof thewatersurface(or theenergy surface

whenE is used)computedas � � ∂H
∂x � 2 � � ∂H

∂y � 2. Akan andYen(1981)andHromadkaet al. (1987)

usedthefollowing equationto computeu andv:

u � � K
h

∂H
∂x � v � � K

h
∂H
∂y

(6)

K canbeexpressedfor theManningequationin generalform as

K � 1
nb

hγ 
 1Sλ � 1
n for λ � 1 and � Sn ��� δs (7)

K � K0 for λ � 1 and � Sn ��� δs (8)

TermK0 � hγ 
 1 ��� nbδ1 � λ
s � providescontinuityin functionK, andgivesasmootherflow profile for

someproblems,thanK0 � 0 usedby Hromadka(1985). Depthh � 0 for dry cells. δs is usedto

boundK within finite limits; δs � 10� 10 is usedin thestudyfor testcasesin singleprecision.λ �
1 giveslaminar-like flow. K is useful in linearizingandsimplifying the diffusion flow equation.

Thecontinuityequation(1) canbeexpressed,using(6), as

∂H
∂t � ∂

∂x
K

∂H
∂x

� ∂
∂y

K
∂H
∂y

�
S (9)

in which S � RF � IN � ET � qea is thesourceterm. Whenthevelocity headis included,H in

(9) is replacedwith E, asexplainedearlier. Theequationcanbesolvedfor bothsurfaceflow and

saturatedgroundwaterflow usingmany of themethodsusedto solveparabolicequations.

The finite volumemethod

In thefinite volumemethod(1) is expressedin thefollowing integralform overanarbitrarycontrol

volumecv
∂
∂t � cv

H dv
� � cv � ∂

∂x
� hu � � ∂

∂y
� hv � � S � dv � 0 (10)
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in which dv = volumeof elementcv. The overall cv can be subdivided into cells. The Gauss

divergencetheoremcanbeusedto simplify thesecondvolumeintegral termof (10) andcontrol it

to a surfaceintegral (Hirsch,1988).Equation(10) for all thefinite volumecellscanbewritten in

vectorform as

∆A � dH
dt � Q � H � � S (11)

in which H ���H1 � H2 ������� Hm ����� Hnc � T is a vectorcontainingtheaverageheadsin all thecells;S �
thesourceterm in vectorform; ∆A � a diagonalmatrix whoseelement∆A � m � m � is equalto the

cell area∆Am in thecaseof acell m; Q andSarethenetinflowsandsourcetermsto cells.Thenet

inflow rateto acell m is givenby

Qm � H � � ns

∑
r  1

� F̄ � n � r ∆lr (12)

∆lr � lengthof the sider of the ns sidedpolygon; n � nxi
�

nyj � unit outward normalvector

for the facer of the polygon; F̄ � averageflux rate acrossthe wall per unit length definedas

hu i
�

hv j , which is alsoequalto � K∇H for free surfacediffusion flow or groundwaterflow.

Two alternativemethodsareusedin themodelto computeF̄ for overlandflow. They aretheline-

integral-basedmethodsuggestedby Hirsch(1988),andthecircumcenter-basedmethodsuggested

by CordesandPutti (1996). In the caseof flow over structuresandlevees,Qm � H � is computed

usingthe appropriatestructureequationsinsteadof the above two methods.In the currentcell-

centeredfinite volumeapproach,H � ET � RF andIN aredefinedascell averagevalues.

The line-integral-basedmethod for computing the wall flux

This methodcan be usedwith both triangularand quadrilateralcells. Using this method,the

approximateflux F̄r for awall r in (12) is computedby usingfluxesat thenodesdefiningthewall.

In Fig. 1,

F̄ � 0 � 5 � F̂ j
�

F̂k � (13)

in which F̂ j andF̂k arethefluxesat thenodesj andk computedusing � K∇H. ∇H is computed

usinganintegralequationaroundthenodes(Hirsch,1988)suchthat

� v
∇H da �"!

s
Hndl (14)
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anddl � lengthof thesidesof thepolygon,referredto asthe“shadow polygon”,with cell centroids

at vertices.Using(14), theflux F̂ j for anode j canbeexpressedas

F̂ j � � K j � ∇ �H � j � � K j

2∆Â j # � np

∑
p  1

Hp � yp 
 1 � yp � 1 � i � np

∑
p  1

Hp � xp 
 1 � xp � 1 � j $ (15)

in which p � 1 � 2 �������%� np arethecell numbersaroundthenode j formingtheverticesof theshadow

polygon;xp � yp arethecoordinatesof thesevertices.In theequation,x0 � y0 at p � 1 mustbere-

placedby xnp � ynp, andxnp 
 1 � ynp 
 1 at p � np mustbereplacedby x1 � y1 to completetheintegration

correctly. Areasof theshadow polygons∆Â j arecomputedby usingasimilar line integration:

2∆Â j � np

∑
p  1

xp � yp 
 1 � yp � 1 � (16)

K j arecomputedusing(7) and(8). The nodalvaluesof nb andh in the equationsareobtained

by a weightedaveragingof thevaluesof surroundingcells. Therespective cell areasareusedas

weights.Theline integralsarecomputedcounterclockwiseaspositive.

In the useof the weightedimplicit implementation,Q � H � �
�Q1 � Q2 ����� Qnc � T of (11) is lin-

earizedasM � H. Thematrix M containsinformationabouttheconnectivity amongcells,geom-

etry, and the roughness.The matrix M is assembledby computingthe flow ratesacrossall of

thewalls using(12), andaddingor subtractingappropriatevolumesfrom thecells. Considerthe

volumelost by donorm, crossingwall r definedby nodesj andk. Equations(12), (13) andthe

line integralaroundnode j obtainedusing(15)makesthefollowing modificationto M :

Mm & p ' Mm & p � K j ∆lr
4∆Â j

� � nxr � yp 
 1 � yp � 1 � � nyr � xp 
 1 � xp � 1 � � � p � 1 ���(�)�(� np (17)

nxr � nyr � componentsof n for wall r; ∆lr � lengthof wall r. A similar expressionis neededfor

nodek. Flow into the receiver cell n also requirestwo similar expressionswith negative signs

placedon(nxr � nyr).

The circumcenter-basedmethod for computing wall flux

CordesandPutti (1996)showedtheequivalenceof a low-ordermixedfinite elementmethodbased

on RT0 elements(Raviart and Thomas,1977) with a finite volume methodfor trianglesunder
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certainconditions.Becauseof theequivalence,it is possibleto useanexpressionderivedfor the

mixedfinite elementmethodto computeflow ratesfor thefinite volumemethod.In theequivalent

finite volumemethod,water levels at circumcentersareusedin the computationof flow across

walls. In themixedfinite elementmethod,waterlevels in trianglesareassumedto vary linearly,

and the water level at the centroidis the averagewater level. Using Figure2 as the definition

sketch, � F̂ � n � r for wall r in (12) is computedas� F̂ � n � r � ∆lrKr
Hm � Hn

∆dmn
(18)

in which ∆dmn � distancebetweencircumcentersof trianglesm andn; Hm, Hn arethe headsat

the circumcenters.Kr is computedusing(7) or (8). The depthandthe bedroughnessneededto

computeKr areobtainedby weightedaveragingthedepthandbedroughnessof cellsm andn. Sn

is computedusing

Sn � � Ĥ j � Ĥk � 2
∆l2

r

� � Hm � Hn � 2
∆d2

mn
(19)

in which Ĥ j andĤk aretheheadsatnodesj andk, computedasweightedaveragesof surrounding

heads.The cell areasareusedasweightsin the averaging. In the semi-implicit formulationthe

computationof flow from cell n to m involvesthemodificationof thefollowing matrixelementas

it receiveswaterin cell m:

Mm & n ' Mm & n � Kr∆lr
∆dmn � Mm &m ' Mm &m � Kr∆lr

∆dmn
(20)

ElementsMn &m, Mn & n are modified similarly due to water lossesfrom the donor cell n. The

circumcenter-basedmethodcanbe usedonly with acute-angledtriangles. Whenthis methodis

usedwith obtuseangledtriangles,the circumcenterfalls outsidethe triangle,andthe numerical

error tendsto be large. With rectanglesthe methodbecomesequivalent to the finite difference

method.

Theaveragewatervelocity in a cell is computedby usingthe following vectorbasisfunction

developedfor RT0 mixedelementsof Raviart andThomas(1977),andusedby CordesandPutti,
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(1996):

�v � 1
2A h *+ Qs1 ,- x � x̂1

y � ŷ1 ./ �
Qs2 ,- x � x̂2

y � ŷ2 ./ �
Qs3 ,- x � x̂3

y � ŷ3 ./102 � � K∇H (21)

Here,Qs1 � Qs2 � Qs3 � dischargeratesacrosscell walls s1 � s2 ands3 countingoutwardsaspositive;� x̂i � ŷi � � thecoordinatesof thenodes;� x � y � � coordinatesof any point, includingthecircumcen-

ter in thecurrentcaseat which theheadis computed.In thecaseof right-angledtriangles,Putti

(1996)showedthatthemixedfinite elementmethodis equivalentto afinite differencemethod.

Flow through structuresand levees

Whenthemodelis usedto simulatestructureflows, thespecificcell wallsarereplacedwith struc-

ture type walls, and flow ratesof Qs � H � are usedin (12) insteadof F � n to computestructure

flows. Linearizationof structureflow equationscanbedoneeitherprior to therunusingregression

methods,or duringtherun usingdatafrom previouscalls to theroutine. Qs � H � is computedasa

functionof adjacentwaterlevels,gateopenings,andotherphysicalparameters.Assumingthatthe

variationof Qs versus∆H � ∆H � Hm � Hn � is linearduringtwo consecutivetimesteps,astructure

equationcanbedevelopedusingtheinformationcollectedduringthetime stepsp andp � 1 as

Qs � ∆H � � Qp
s
�

Ks � ∆H � ∆H p � for ∆H p 3� ∆H p � 1 (22)

Qs � ∆H � � Qp
s otherwise

in which Ks � � Qp
s � Qp � 1

s ����� ∆H p � ∆H p � 1 � ; p � thetime stepcount. If only theinformationat

time stepp is used,(22) reducesto Qs � ∆H � � Ks ∆H, andthe right handsideof the systemof

equationsneednotbemodified.Theintroductionof astructurebetweencellsm andn modifiesM

asMm & n ' Mm & n � Ks, Mm &m ' Mm &m � Ks, Mn &m ' Mn &m � Ks, andMn & n ' Mn & n � Ks asin (20). In

thecomputationsit wasassumedthattheheadlossdueto bedfriction is negligible whencompared

to headlossacrossstructures.If iterationsarecarriedout within a timestep,thelinearizationwill

not introduceerrorsin thesolution.Sincerapidflow variationsarenot expectedin diffusionflow,

thelinearizationgivesgoodresultsevenfor structureshaving nonlinearflow relations.
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Whenthereis a structureor a leveetypecell wall, thetwo-dimensionalflows in adjacentcells

are affectedand becomemore nearly one dimensional. The following equation,basedon the

Manningequation,is appliedbetweencellsacrossawall underthis condition:

Q1d � Kn∆H � hγ 
 1∆lr
nb ∆d 4 ∆H

∆d 5 λ � 1

∆H (23)

Here,nb � h areaveragedbetweencells; ∆d � distancebetweenthe cell centroids.Centroidsare

usedto representcell locationsin restrictedspacesor closerto structuresanddry cellswherefree

2-D flow cannotbeassumed,andslopeSn of thewatersurfaceprofilecannotbedeterminedaccu-

rately. For thesecellsKn is computedby assumingthatthewatersurfaceslopeSn in theManning

equationis approximatelyequalto ∆H
∆d .

Boundary conditions

Oneboundaryconditionis neededat eachboundarywith diffusionflow. Specifiedheadandspec-

ified flow arethemostcommonlyusedtypes.Theno-flow typeboundaryis implementedsimply

by makingF̄ � 0 in (12). Thematrix M needsno modificationunderno-flow conditions.In the

caseof aknown inflow rateQI into acell i throughtheboundaryor dueto pumpingactivity, row i

of sourcetermS in (11)mustbemodifiedas

Si ' Si
�

QI (24)

Sourcetermquantitiessuchasrainfall, ET andinfiltration aresummedsimilarly for cell i.

If the flow domain is connectedto an external reservoir as the boundarycondition, and if

the reservoir water level is H0, the equationfor flow rate into the domainQo is linearizedas

Qo � Ko � Ho � Hi � � in which Ko is similar to the structureconstantKs in (22) andHo andHi are

water levels of the water body and the cell. The modificationsfor matrix M and vectorS are

Mi & i ' Mi & i � Ko, andSi ' Si
�

KoHo. Implementationof headboundaryconditionsis explained

later.

Formulation of the weightedimplicit method

Theordinarydifferentialequations(11)derivedusingthefinite volumemethodaresolvedby using

11



thefollowing weightedfinite differenceformulation

∆Ai Hn 
 1
i � ∆Ai Hn

i
� ∆t � αQn 
 1

i
� � 1 � α � Qn

i � � ∆t � αSn 
 1
i

� � 1 � α � Sn
i � (25)

in which Hn
i � averagesurfacewater level in cell i at time stepn; α � time weighting factor;

α � 0 and1 for explicit andimplicit problems.Using linearization,(25) canbeexpressedasthe

following systemof linearequations:

� ∆A � α∆tMn 
 1� � ∆H � ∆t �Mn � �Hn � ∆t � 1 � α � �Mn � Mn 
 1 � �Hn � ∆t �αSn 
 1 � � 1 � α � Sn � (26)

Here,Qn � Mn �Hn. The solution H is usedto updatethe headsusingHn 
 1 � Hn � H. The

matrix P �6� ∆A � α∆tMn 
 1 � is so far symmetric. In many graduallyvarying problemsMn 
 1 is

replacedwith Mn to simplify (26) (Akan andYen,1981).Testrunsshow thatthis is a usefulpro-

cedurefor many problems.If this assumptionis not madethenMn 
 1 mustbe updatedby using

aniterativeprocedurewithin thetime step,by first computing∆H using(26)with themostrecent

estimatesof Mn 
 1, andnext updatingHn 
 1. Iterationsarecontinuedsimilarly by updatingMn 
 1

andusing (26) until convergence. Examplesusedin the paperneedonly 2-4 iterationsfor the

convergenceof thewaterlevel up to 4 significantdigits. This typeof iterationwasnot usedin the

currentapplication.

Impositionof a headboundaryconditionto a cell i asHi � HB is carriedout by reconfiguring

row i of P. Theentirerow i is modifiedby using

Pi & j � 0 for j � 1 � 2 ������� nc � j 3� i (27)

Pi & j � 1 for j � 1 � 2 ������� nc � j � i

Si � HB � Hn
i

Matrix P is sparsefor large problems. The elementdensityis lessthan1% for a 1000cell

discretization.Whenα � 0, ∆H in (26) canbecomputedby usinga simplematrixmultiplication.

α � 0.5giveshigheraccuracy asin thecaseof CrankNicholsontypeschemes.With rectangular

gridsthefinite volumemethodgivesthefinite differencesolution.
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Solution of the linear equations

Thenumberof equationsin thesystemof linearequationsin (26)is equalto thenumberof cells,nc.

If thecells arenon-uniformandthephysicalpropertiesarenon-homogeneous,the problemmay

becomestiff andthematrix A � α∆tM maybecomeill-conditioned.However, many fastefficient

iterative sparsesolversthat canhandleill-conditionedmatriceshave recentlybecomeavailable.

Thecurrentmodelwastestedwith theSLAP solver (Seager, 1988)andthePetScsolver (Smith,

1995). Both solversuseiterative conjugategradientmethodsandpreconditioners.Precondition-

ersareusefulin improving theconvergencerateandthesolvability. Without preconditioning,the

numberof iterationsincreaseswith theconditionnumber. Theconditionnumberof amatrix is the

ratio of thelargestandsmallesteigenvalues.If thesystemof equationsbecomesdifficult to solve

with thechoicensparsesolver, ∆t canbereduceduntil A � α∆tM becomeswell-conditioned.The

needto re-runthe codedueto non-convergencecansometimesbe avoidedby reusingM with a

smaller∆t.

Active researchis underway to develop fastersparsesolvers. A featureavailablewith faster

packagesgivesone the ability to solve equationsat eachtime stepasa sequentialprocessand

incrementallyimprove thesolutionby startingfrom thesolutionfor theprevioustime step.With-

out suchmethodsthesameor nearlythesameequationsmaystill have to besolvedrepeatedlyat

steadyor near-steadyconditions,wastingcomputerresources.Many of thenew featuresin solvers

canmake the model run muchfasterduring sucheventsby carryingout the minimum required

updatingfrom onetimestepto thenext andusingonly afew iterations,dependingontheextentof

transientflow activities.

NUMERICAL TESTS

Themodelwastestedfor accuracy by applyingit to a numberof testproblemswith known solu-

tions. The first testwasusedto checkthe ability of the finite volumemethodto solve diffusion

equationsaccurately. Thesecondtestwascarriedout with 2-D diffusiontypeoverlandflow. The

remainingtestsweredesignedto carryout anumericalerrorandstabilityanalysis.

Test1

13



A groundwaterexamplefrom Wang(1982)wasusedfor thefirst test. In the testa pumpingwell

waspositionedat the centerof a 4000m � 4000m squareconfinedaquiferhaving a constant

transmissivity (K � aquiferdepth)of 300 m2 � day anda storagecoefficient of 0.002. A uniform

initial waterlevel of 10m andaconstantpumpingrateof 2000m3 � s wereassumed.Thetriangular

discretizationusedwith themodelis thesameasthatshown later in Fig. 5 with 238cells,except

that the linear dimensionsare scaleddown to fit the areainto the 4000 m � 4000 m square.

The MODFLOW model(McDonaldandHarbaugh,1984)wassetup to simulatethe sameflow

conditionsusinga 40 � 40 squaregrid with 1600cells. Figure3ashows thewaterlevel contours

at theendof 30 days,obtainedby usingthecircumcenter-basedfinite volumemethod.Figure3b

showsthesamecontoursobtainedby usingtheMODFLOW model.Drawdowncurvesatanumber

of monitoringpointsareshown in Fig. 4. Thefinite volumemethodusingtheline-integral-based

flow function failed to produceconvex waterlevel contoursnearthewell, andtheresultsarenot

shown. Thetestshows that thecircumcenter-basedfinite volumemethodwith only 238cellscan

producerelatively accuratesolutions. The test also shows that the circumcenter-basedmethod

givesbetterresultsthantheline-integral-basedmethodfor locally convergingflow.

Test2

An axisymmetricoverlandflow problemwas usedin the secondtest. The flow characteristics

of this testaresomewhat similar to the flow characteristicsof the Everglades.The testbedhas

dimensions161km � 161km (100miles � 100miles)andaflat bottom.Theinitial conditionis

H � � 0 � 4575
�

0 � 1525cos� πr
rmax

�7� m for r � rmax (28)

H � 0 � 305m otherwise (29)

in which r � distancefrom the domaincenter;rmax � 32188m. The Manningroughnessis as-

sumedas1.0;RF, IN andET areneglected.An axisymmetricdiffusionflow modelwasdeveloped

basedon thefollowing axisymmetriccontinuityequationto obtainanextremelyaccuratesolution

for theproblemusinga fine resolution

∂ � hr �
∂t

� ∂ � uhr �
∂r � 0 � (30)

This solution was usedin computingsmall numericalerrors in the finite volume model under
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different resolutions. A model, similar to the 1-D model by Akan and Yen (1981) after a few

modifications,wasusedto solve (30) accurately. The testwasa 12 day simulationof the water

level usingboth theaxisymmetricmodelandthefinite volumemodel. In the test,∆r � 80.47m

and∆t � 1 min wereusedwith theaxisymmetricmodelto obtainthewaterlevel in theproblem

accurateenoughto computenumericalerrorsin othermodels. The error at the centerwasused

for comparisonpurposesbecausetheerroris largestat this point. Thewaterlevel computedaccu-

ratelyat thecenteris 0.442105m. Theexpectedcircularshapeof thesolutionwasalsousedto test

accuracy of thefinite volumemodels.

Thefinite volumemodelusingthecircumcenter-basedapproachwasusedwith discretizations

of differentrefinementsto recreatethe resultsof the axisymmetricmodel. The results,obtained

usinga discretizationof 238 cells and135 nodesanda time stepof 3 hrs, areshown in Fig. 5.

The SLAP 2.0 sparsesolver package(Seager, 1988)wasusedto solve the linear equations,and

convergencewasassumedwhenthelargestchangein thesolutionvectorε∞ � 0 � 3 � 10� 4m. Other

parametervaluesusedwereα � 0.5 andδs � 1 � 0 � 10� 10 (in equations(7) and(8)). The figure

shows the grid used,and the contourplot of water levels after 12 days. The water level at the

centerof thecircularpatch,andat cellsat radialdistancesof r � 11885m andr � 31000m was

monitoredduring thesimulation.Figure6 shows thegeneralagreementof waterlevelsat all the

monitoringpoints,usingboththeaxisymmetricmodelandthefinite volumemodel.Figure6 also

showsthesolutionat r � 0 obtainedusingafinite volumemodelrunningwith a timestepof 3 hrs,

andahigherresolutionobtainedusing1536cells.As seenin thefigure,thefinite volumesolution

verycloselymatcheswith theaxisymmetricsolutionat this high resolution.

Numerical error and stability

Theaccuracy of resultsobtainedfrom anumericalmodeldependson thespatialandtemporaldis-

cretizations.If a modelis usedto simulateflow featuresof a certainwave length,the resolution

of themeshshouldbesufficient to capturethatwave length. A descriptionof thevariationof the

numericalerrorwith thespatialandtemporalresolutionsis providedby Lal (1998).To understand

the behavior of the numericalerror in the currentfinite volumemodel,triangularmeshesof dif-
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ferentlevelsof discretizationwereusedin thesimulationof theflow patternusedin theprevious

testcase.The GMS softwarepackage(1995)wasusedto generatemeshesfor this test. An es-

timateof thenumericalerrorwasobtainedfor comparisonpurposesby presentingthenumerical

errorat r � 0 after12 daysasa percentageof thedepthat t � 0. Numericalerrorwascomputed

by using the previously mentionedaxisymmetricsolutionasthe true solutionbecauseit hasan

error term muchsmallerthanthe error studied. Table1 shows a summaryof testresultsfor the

center, obtainedby usingcircumcenter-basedmethods.Runtimesshown arefor a SUN Sparc20

(speed90 MHz, 4.1 Mflops/smeasuredwith the linpack benchmarktest,Dongarra,1993). The

iterationsshown arethe iterationsinsidetheSLAP2.0solver indicatingthecomputationaleffort.

In the table∆x wascomputedas 	 ∆Ac in which ∆Ac is theaverageareaof a triangularcell. φ is

obtainedask∆x, in whichk is thewavenumberof thewatersurfaceprofilesimulatedin themodel� 2π ��� wavelength� . Termπ � φ givesanestimateof thespatialresolution,measuredastheaverage

numberof spatialdivisionswithin half thewave lengthof a sinusoidalwatersurfaceprofile. β is

thenon-dimensionaltimestepsize,which is basedon theanalysisof Lal (1998):

β � h
5
3

nb 	 Sn

∆t
∆x2 (31)

β � 0 � 25 for explicit finite differencemethods.Test0 correspondsto thetestshown in Figures5

and6 for 238cells. Resultsof test12 with 1536cells is alsoshown in Fig 6. Table1 shows that

the solutionof the finite volumemodelapproachesthe axisymmetricsolutionasthe spatialand

temporalresolutionsboth get finer. This is true whenthe model is usingthe line-integral-based

methodtoo. Table1 alsoshows that therun time decreasesandthenumberof iterationsper time

stepincreaseswhenthetimestepis increased.

A test wasconductedto checkthe stability of the modelunderexplicit conditions(α � 0).

Experimentationwith differenttime stepsshowed that ∆t at the pointsof incipient instability of

the testswasapproximately52 hrs,4.3 hrsand3.5 hrs respectively with 116,376and1536cell

configurationslistedin Table1. Thesetimestepscorrespondto approximateβ valuesof 0.06,0.02

and0.05respectively. Incipientinstabilitywasassumedwhendynamicoscillationswerevisibleat

thecenterof the solution. Theseresultsconfirm, for example,that the tests8-11 in Table1, ob-
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tainedfor α � 0 � 5, would havebeenunstableunderexplicit conditions.Theapproximatestability

limit β � 0 � 05is usefulin selectingthetimestepfor explicit modelruns.Nonlinearinstabilitywas

notstudiedduringthetest.

Numericaltestswereconductedto determinethe convergencebehavior of the finite volume

codeandtheinfluenceof δs in (8) on theperformanceof thecode.Testsshowedthat thenumber

of iterationsincreasedwhenδs wasdecreasedto very low values,becausesomeof the K values

in thematrix becamevery large(Lal et al., 1997),andthematrix becamemoreunconditionaland

ultimatelyunsolvableasaresult.Thesolutionerrorsat thecenterafter12hrswere1 mm,21mm,

and88mmasδs waschangedto 10� 6, 10� 5 and10� 4 respectively. A largeδs causesthemodelto

use(8) insteadof (7) moreoften.δs � 10� 10 wasusedin theaxisymmetricflow test,andδs � 10� 4

wasusedin theKissimmeestudythatis explainedlater.

Dif ferentsparsesolver optionsin theSLAP 2.0 packageweretestedwhile runningtest0 re-

ferredto in Table1. Thepurposeof thetestwasto investigatetheperformanceof differentsolvers

andpre-conditions.In the SLAP 2.0 packagethe incompleteLU decompositionwith conjugate

gradient(CG) solver, incompleteLU biconjugategradientsolver, andtheincompleteLU biconju-

gategradientsolverwith LU decompositionwerereliable,andusedtheleastnumberof iterations.

Thelastoptionwasusedin thetest.Thenumberof solver iterationschangedwith thesolver type

andδs whichaffectstheconditionnumberof thematrix. With largetimestepstheSLAP2.0solver

convergedonly whenlargeα valuesareused.TherecentlydevelopedPetScsolver (Smithet al.,

1995)wasfoundto bemuchmorereliableandfastfor largerproblems.

Application to the KissimmeeRiver

Themodelwasappliedto theanexperimentalareanearweir no. 2 of theKissimmeeRiverBasin,

Florida,usingthe samediscretizationandthe bedroughnessusedby Zhaoet al. (1994). In the

applicationby Zhaoetal. theunsteadyflow modelRBFVM-2D wasusedover thetestareashown

in Fig. 7, which is approximately1402m � 1036m. In thefigurea flood canalpassesfrom the
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North to theSouth(left to right in thefigure),anda one-notchweir is locatedneartheupstream

endnearC1 to divert partof theflow into theriver oxbow. TheManningcoefficientsof theflood

plain, main channelandthe river oxbow are0.03, 0.025and0.04 respectively. The numberof

nodesandcellsin themixedgrid usedby theRBFVM-2D modelandtheline-integral-basedfinite

volumemodelare347and327 respectively. Thesamenumbersin thecaseof thecircumcenter-

basedmethodare347and634respectively. For thecircumcenter-basedmethodthequadrilaterals

weredividedinto triangles.Theresultsof theproblemfor aninflow of 221m3 � s at theupstream

boundaryanda stageof 13.57m at the downstreamboundaryareshown in Fig 7, after running

themodeluntil a reasonablysteadystateis reached.Theresultswereobtainedafter includingthe

velocity headV 2 ��� 2g � in (5). Whenthe samesimulationwasrepeatedwith the omissionof the

velocity head,the water level at C1 droppedby 1 cm. Water levels at other locationsremained

practicallyunchanged.Figure7 shows contoursof water levels, andthe water level monitoring

points. Theelliptical patchof contoursin thefigureshows a small dry area.Figure8 shows the

velocity vectorsdrawn at thecircumcentersusing(21). Theapparentoverlapof arrows in theplot

is dueto thenearright-angledtrianglesin thegrid, which make thecircumcentersnearlyoverlap.

Figure9 showstheresultsof thesametestobtainedusingtheline-integral-basedmethod.

Comparisonof waterlevelsandwatervelocitiesin Table2 showsthatthewaterlevelsobtained

with the currentmodelagreewith the physicalmodelresultsandthe RBFVM-2D modelresults

at many locations.However velocitiesat O2, representinga narrow canalsegmentof theOxbow,

thatwereobtainedby usingdiffusionflow modelsdid not agreewith othervelocities. Compari-

sonof thecircumcenter-basedmethodwith theline-integral-basedmethodshow thatbothmethods

producedsimilarflow patternsin theKissimmeeapplication,unlike in thetestcaseswith a locally

convergentor divergentflow fieldsin whichtheline-integral-basedmethodproducedunacceptable

local results. This occurredbecausethe averagedF̄ in (13) doesnot provide a very accuratees-

timateof dischargesacrosswalls in acuteangledtriangles.Certainvelocitiesnearthe boundary

arenot shown in Table2 becauseline integralscouldnot becomputedwith this methodwithout a

closedpathof integration.
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With theKissimmeeapplicationit wasalsofoundthattheline-integral-basedmethodrequired

approximately50 iterationswhenusing20 s time stepsandtheSLAP conjugategradientmethod

usingLU decompositionpreconditioner. The circumcentermethodrequiredapproximately200

iterationsfor thesamecase.Therun time for thecurrentmodelis a small fractionof therun time

of explicit modelssuchasRBFVM2D requiring1-2 s time steps.ThePetScsolver (Smith,1995)

with anew C++versionof thecurrentmodelcanreducethenumberof iterationsto lessthan5 with

evenlarger time steps,andmake themodelrun muchfaster. With thedevelopmentof betterand

fasterexternalsparsesolversusingparallelprocessingandothermethods,largescaleapplication

of themodelto SouthFloridacontinuesto becomelessexpensive, just with theupgradingof the

solver.

SUMMARY AND CONCLUSIONS

An implicit finite volumemodelwasdevelopedto simulatediffusionflow acrossarbitrarilyshaped

landscapes.Testswereconductedto verify themodelresultsby comparingthemwith resultsfrom

theMODFLOW modelandanaxisymmetricmodel.Themodelwasalsoappliedto avarietyof test

problems,usinga rangeof spatialandtemporaldiscretizationsto studythebehavior of numerical

errors.Resultsshow thatnumericalerrorstendto becomesmallerwith finer discretizations,thus

confirmingthe numericalconsistency condition. The explicit option (α � 0 � 0) showed incipient

instabilitywhenthenon-dimensionaltimestepβ exceedsapproximately0.05.Theimplicit option

wasstablefor largevaluesof β. Resultsshow that,by selectingaspatialresolution(π � φ) of more

thanabout3 divisionsperhalf sinewave,numericalerrorsfor thetestproblemscanbereducedto

lessthat1%.

The model useddifferent wall typesto representstructureflows, no flows, and 2-D flows.

Flow across2-D walls werecomputedby usinga line-integral-basedmethodanda circumcenter-

basedmethod.Resultsshow thatthecircumcenter-basedmethodproducedbetterresultsunderall

the conditionstested,andthat the line-integral-basedmethodsproducedlocal errorswhenused
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with triangulardiscretizationsto simulatelocally convergentor divergentflow patterns.Theline-

integral-basedmethodbecomesthechoicewhenpolygons,not triangles,areusedin thediscretiza-

tion. This methodalsoneededfewer iterationsinsidethe solver whenusedwith testproblems.

Applicationof bothmethodsto theKissimmeeRiver shows that theresultsagreewith theresults

of thephysicalmodelandtheRBFVM-2D model. The sameapplicationshowed that,while the

RBFVM-2D modelneeded1-2 s time steps,thecurrentmodelcouldberun fasterwith time steps

over10 timesaslarge,evenwith oldersolvers,andmany moretimesfasterwith modernsolvers.

The structureof the currentfinite volumemodelallows new wall flow function typesto be

addedto the existing circumcenterand line integral types,andnew structuretypesto be added

in thesameway. This featureis usefulfor futureextensionsof themodelinto morecomplicated

areasof SouthFlorida andthe Everglades.Increasinglypowerful sparsesolverscancontinueto

speedcomputationsin the future andmake it possibleto simulateflows with muchfiner spatial

resolutionsandlargertimestepsotherwisepossible,asdemonstratedin theexamples.
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DEFINITION OF VARIABLES

Variable Definition

E energy head(m).

F̄r averageflux vectoracrossthewall r.

F̂k flux vectorat anodek.

g gravitationalacceleration.

H averagewaterlevelsof all thecells,in vectorform (m).

Ĥ waterlevelsat thenodes(m).

h depthof water(m).

K hydraulicconductivity (m/s).

M matrixobtainedafterlinearizingQ.

n unit normalto awall.

nb Manningroughnesscoefficient.

Q � H � inflow into all thecells,in vectorform.

Qs flow rateacrossastructure.

S sourceor sink termsfor all thecells,in avectorform.�S f friction slopevector.

Sn slopeof thewatersurfaceor theenergy surface.

V flow velocityvector.

u � v x andy componentsof flow velocity (m/s).

x,y spacecoordinates(m).

x̂,ŷ nodalcoordinates.

z groundelevationabovedatum(m).

∆A adiagonalmatrixwith thecell areasat thediagonals.

∆Ai areaof cell i
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Variable Definition

∆Âi areaof shadow cell i

∆dmn distancebetweencircumcentersof trianglesm andn.

∆lr lengthof wall r.

δs slopebelow which only anapproximateManningeq. is used.

∆t timestep(s).
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Table1: Solutionsof thetestproblemsusingvariousdiscretizations.Resultsof test0 with non-homogeneouscellsare

shown in Figs5 and6. CPUis anabbreviation for centralprocessingunit time.

Test No. elem. No. nodes CPU(s) No. iter. ∆x (m) ∆t (s) hend (m) π 8 φ β ε %

1 116 69 2.4 18 14939 51840 0.4488 2.15 0.016 1.09

2 116 69 8.8 12 14939 10368 0.4484 2.15 0.003 1.03

3 116 69 16.4 11 14939 5184 0.4484 2.15 0.002 1.02

4 376 209 6.0 40 8298 207360 0.4450 3.88 0.212 0.48

5 376 209 25.1 19 8298 20736 0.4446 3.88 0.021 0.40

6 376 209 43.6 17 8298 10368 0.4444 3.88 0.011 0.38

7 376 209 78.8 13 8298 5184 0.4444 3.88 0.005 0.37

8 1536 809 60.1 104 4105 518400 0.4540 7.84 2.166 1.96

9 1536 809 75.3 78 4105 207360 0.4449 7.84 0.866 0.48

10 1536 809 98.3 67 4105 103680 0.4450 7.84 0.433 0.48

11 1536 809 258.0 35 4105 20736 0.4439 7.84 0.087 0.29

12 1536 809 436.0 27 4105 10368 0.4437 7.84 0.043 0.27

0 238 135 27.7 1 10429 5184 0.4390 0.50 0.49
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Table2: Comparisonof physicalmodelresultswith theresultsof thefinite volumemodelsusing

circumcenter-basedwalls andline-integral-basedwalls. Resultsof the finite RBFVM-2D model

by Zhaoet al. (1994)arealsoshown.

Gage Physicalmodel RBFVM-2D model Circum.meth. Line int. Meth.

Velocity Stage Velocity Stage Velocity Stage Velocity Stage

m/s m m/s m m/s m m/s m

C1 0.30 13.87 0.29 13.78 0.24 13.87 – 13.85

C3 0.23 13.57 0.21 13.60 0.26 13.66 – 13.62

C4 0.23 13.57 0.25 13.60 0.25 13.61 0.28 13.61

C5 0.23 13.57 0.29 13.57 0.25 13.60 0.29 13.59

C6 0.23 13.57 0.31 13.58 0.27 13.57 0.27 13.58

C7 0.29 13.57 0.33 13.69 0.21 13.57 – 13.57

O1 0.85 13.67 0.67 13.69 0.98 13.77 0.70 13.73

O2 0.49 13.67 0.44 13.64 0.06 13.60 0.14 13.64
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LIST OF FIGURES

Fig. 1: A diagramshowing thedefinitionof variablesusedin theline integralmethod.

Fig. 2: A diagramshowing thedefinitionof variablesusedin thecircumcentermethod.

Fig. 3 a: Drawdown contoursobtainedusingthefinite volumemodel.

Fig. 3 b: Drawdown contoursobtainedusingtheMODFLOW model.

Fig. 4: Variationof drawdown with timeatdifferentdistances.

Fig. 5: A contourplot of thewaterlevelsin theaxisymmetrictestproblem.

Fig. 6: Variationof thewaterlevel with time in theaxisymmetrictestproblem.

Fig. 7: A contourplot of thewaterlevelsin theKissimmeeriver, obtainedusingthecircumcenter

method.

Fig. 8: A vectorplotof thewatervelocitiesin theKissimmeeriverobtainedusingthecircumcenter-

basedwalls.

Fig. 9: A contourplot of thewaterlevelsin theKissimmeeriver, obtainedusingtheline-integral-

basedwalls.
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Fig. 3 a: Drawdown contoursobtainedusing

thefinite volumemodel.

31



1000 2000 3000 4000

1000

2000

3000

4000

1.
6

1.
8 2

2.2
2.4

2.6
2.8

Distance, m

D
is

ta
n

ce
, m

Fig. 3 b: Drawdown contoursobtainedusing

theMODFLOW model.
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Fig. 7: A contourplot of the water

levelsin theKissimmeeriver, obtainedusingthecircumcentermethod
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Fig. 8: A vectorplot of thewaterve-

locitiesin theKissimmeeriverobtainedusingthecircumcenter-basedwalls.
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Fig. 9: A contourplot of the water

levelsin theKissimmeeriver, obtainedusingtheline-integral-basedwalls.
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