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Unsteadycanalflow in an integratedcanalflow-groundwaterflow systemis ana-

lyzed by solving the coupledequationsgoverningcanalflow, groundwaterflow and

theseepagebetweenthem. Analytical solutionsareobtainedfor thecoupledsystem

for small waterlevel disturbancesusingFourieranalysismethodsandcomplex vari-

ables. Dimensionlessparametergroupscharacterizingthe aquifer, the canalandthe

sedimentlayerareidentifiedusingthegoverningequationsandthesolution.Theinflu-

encein theaquiferandthesemi-permeablebottomsedimentlayerdueto disturbances

in canalflow is studied.Theanalyticalsolutionsarecomparedto numericalsolutions

obtainedusingtheMODFLOW modelandtheHydrologicSimulationEngine(HSE)

of theSouthFloridaRegionalSimulationModel (SFRSM)(Lal 1998b).

Resultsof theanalysisareusefulin determiningtherangeof aquifer, sediment,and

canalcharacteristicsfor whichstream-aquiferinteractionis important.Theresultscan

beusedto determinetheconditionsfor which thecanalis hydraulicallydisconnected

from the aquiferbecauseof the sedimentlayer. The analyticalsolution is useful to

understandthepropagationcharacteristicsof smallamplitudewaterlevel disturbances

in thecanalandtheaquifer. Thecharacteristicsstudiedincludetheamplitudedecay

constantandthespeed.Thesolutioncanbeusedto designbenchmarkproblemsthat

canbe usedto evaluateintegratedcanalflow–groundwaterflow models.The results

of thestudycanbeusedto estimatethespaceandtime stepsneededin thecanaland

theaquiferwhensimulatingstream-aquiferinteraction.
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INTRODUCTION

As partof theoveralleffort to restoretheEvergladesecosystemin SouthFlorida,andto meetits re-

gionalwatermanagementresponsibilities,theSouthFloridaWaterManagementDistrict (SFWMD

1999)andotherorganizationshave developeda numberof mathematicalmodelsto simulatethe

watermanagementsystem.Oneimportantrequirementof thesemodelsis the capabilityto sim-

ulate stream–aquiferinteractionor stream–wetlandinteraction. A significantpart of the South

Floridalandscapeis coveredwith a network of canalsthatextendsfor thousandsof milesthrough

wetlands,agriculturalareasandurbanareas. The behavior of water levels in the canals,when

areasadjacentto canalsaresubjectedto waterlevel changes,is not completelyunderstood.The

influencesof thehighly conductivesurfaceaquiferandthelessconductivebottomsedimentlayer

of thecanalon theoverall hydrologyarealsonot completelyknown. Thesebehaviors influencea

significantpartof SouthFloridahydrology. Thecurrentstudyprovidesamethodto understandthe

basicparametersthatgoverntheproblemandto obtainananalyticalsolution.

Stream-aquiferandstream-wetlandinteractionshave previously beenstudiedby a numberof

researchers.Thestudyby PinderandSauer(1971)wasconductedby usinga couplednumerical

modelfor canalflow and2-D groundwaterflow. Theobjectivewasto studytheinfluenceof bank

storageon themodificationof flood waves.Theexampleusedby PinderandSauer(1971)served

asa benchmarktestfor integratedmodelssuchasMODBRANCH (Swain andWexler 1996)and

MODNET (Walton et al. 1999). Thesemodelsconsistof a MODFLOW model(McDonaldand

Harbaugh1988)coupledwith eithertheBRANCH model(Schaffranek1987)or theUNET model

(HEC 1996). Thecomparisonbetweenthesolutionobtainedby PinderandSauer(1971)andthe

solutionsobtainedusingMODBRANCH or MODNET wasnot perfectbecausethe comparison

wasbetweentwo numericalmodels,andneitherof thesolutionshasbeenverifiedagainstanana-

lytical solution.Thetestconditionsexplainedby PinderandSauer(1971)arealsonot completely

known. Otherresearcherswho developedintegratedmodelsor simply incorporatedbankstorage

effectsinto streamflow simulationsincludeZitta andWiggert(1971)andMorel-Seytoux (1975).
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Many researcheffortshavefocusedonunderstandingstream-aquiferinteractionatagivencanal

crosssection.Bouwer(1965)analyzedmany of theconditionsinvolvedwith this problem.Dillon

andLiggett (1983)usedaboundaryintegralmethodto determinestream-aquiferinteractionin the

2-D domainof the crosssectionand identify conditionsunderwhich the canaland the aquifer

arehydraulicallydisconnected.More recently, Zlotnik andHuang(1999),MoenchandBarlow

(2000),andothersstudiedstream-aquiferinteractiondueto stepresponsesin waterlevel fluctua-

tions.A numberof stream-bedsedimentlayertypesandaquiferconfigurationswereusedin these

studies.They usedtheone-dimensionalequationsin theaquiferto studytheeffect of canallevel

fluctuations.In theapplicationsby Morel-Seytoux (1975),Swain andWexler (1996)andothers,a

simpleequationwasusedto representsedimentresistance.Chin (1990),GenereuxandGuardiario

(1998)andothersextendedthisbasicresistanceequationsto obtainanalyticalandsemi-analytical

expressionsthat can be usedwith regional modelshaving large cells. Jorgensenet al. (1989)

demonstratedtheneedto becarefulwhenapplyingbasicseepageequationsto modelswith large

cells.Formulationsproposedby Chin(1990)andothersarepartly intendedto circumventsomeof

theseproblems.Thestudiescarriedout in SouthFloridaby Chin(1990),GenereuxandGuardiario

(1998),Swain andWexler (1996)andothersweretriggeredby theneedto understandtheextent

of stream-aquiferinteractionresultingfrom thehighly permeablelimestonebasedaquifers.Trans-

missivities in excessof 1 m2 � s arecommonin SouthFlorida(FishandStewart,1991).

In thecurrentstudy, coupledequationsfor canalflow and2-D groundwaterflow areanalyzed.

Resistanceof anoptionalsedimentlayerbetweenthemis alsoconsidered.Approximateanalytical

solutionsareobtainedfor theequationsby usingFourieranalysis.Two specialcasesof thesolu-

tion areusedto analyzethe behavior of canalandaquiferwaterlevelswhenthe canalupstream

boundarywaterlevel is variedin asinusoidalmanner, andthebehavior of canalandaquiferwater

levelswith timewhentheinitial watersurfaceprofile in thecanalis sinusoidal.Theanalyticalso-

lution of problemwasthencomparedwith MODFLOW andHSEsolutions(Lal, 1998b)to show

thecloseagreementof theresults.
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Resultsof thestudyindicatethatanumberof dimensionlessparametergroupscanbeidentified

ascharacterizingthe dynamicbehavior of stream-aquiferinteraction. Valuesof theseparameter

groupsareobtainedfor two sitesin SouthFlorida that are investigatedfor stream-aquiferinter-

action. The influenceof thesedimentlayerwhich partially insulatesthecanals,is alsodescribed

usingaparametergroup.

Resultsof thestudycanbeusedto developbenchmarktestproblemswith analyticalsolutions.

Theseproblemscanbeusedto verify existing andfuturemodelsthatareusedto simulatestream

aquifer interaction. The resultsof the studycanalsobe combinedwith resultsof error analysis

(Lal, 2000)to determinespaceandtime discretizationsneededfor numericalmodelssimulating

stream-aquiferinteraction.

GOVERNING EQUATIONS

Equationsdescribing2-D groundwater flow, 1-D canalflow, and resistanceto flow acrossthe

bottomsedimentlayerareconsideredto betheprincipal relationshipsthatgoverntheproblemof

stream-aquiferinteraction.Theequationdescribingunsteadyflow in a2-D isotropicaquiferis

sc
∂H
∂t � ∂

∂x

�
Tg

∂H
∂x ��� ∂

∂y

�
Tg

∂H
∂y � (1)

subjectedto suitableinitial andboundaryconditions.In theequationx � y � distancesalonghori-

zontalx andy axes;t � time;H � waterheadin thecaseof groundwaterflow; Tg � transmissivity

of theaquifer;sc � storagecoefficient. For unconfinedflow, Tg � kgh̄ wherekg � hydrauliccon-

ductivity andh̄ � aquiferthickness.

After neglectingtheinertiaterms,theStVenantequationsfor a1-D wide rectangularcanalare

givenby

∂h
∂t � ∂q

∂x � ql � 0 (2)

∂h
∂x � Sf � S0 � 0 (3)

in which, h � waterlevel in the canal;q � discharge ratein the canalper unit width; ql � total
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seepageinto thecanalperunit lengthperunit width of thecanal;S0 � bottomslope.Thefriction

slopeSf canbeexplainedusingthefollowing generalexpression.

Sf � C
un

hm � C
qn

hm	 n (4)

in which u � flow velocity;C � a roughnessconstant;m� n � constants.Equation(4) canbeused

to representtheManningsequationusingn � 2, m � 4
�
3. For Chezy’s equation,n � 2, m � 1.

Seepagebetweenthecanalandtheaquiferat theaquifer-sedimentinterfaceis basedonDarcy’s

law andthe Dupuit assumption.The seepageper unit width of the aquiferper unit width of the

canalql is (Fig. 1)

ql � 2Tg

B

�
∂H
∂y � y
 δ 	 (5)

in which B � width of the canal;δ � thicknessof the sedimentlayer whena sedimentlayer is

present;� ∂H
∂y � � headgradientneartheaquiferat theaquifer-sedimentinterface.Whenthereis no

sedimentlayer, δ � 0 andthegradientis computedin theaquiferat theaquifer-canalinterface.

Whena sedimentlayer is present,the resistanceto flow acrossthe layer hasto be taken into

account.If thesedimentlayerconductivity is km, anequationcanbewritten for seepageassuming

thatwateris not storedin thethin sedimentlayer(e.g.PinderandSauer1971)

ql � 2Tm

B

�
∂H
∂y � y
 δ 
 � km

p
B

∆H
δ

(6)

in which � ∂H
∂y � y
 δ 
 representstheheadgradientin thesediment;Tm � aparameterdescribingsed-

imentresistance;p � lengthof wettedperimeterof thecanalalongwhich thereis seepage;∆H �
headdifferenceacrossthesedimentlayer. For a rectangularcanalwith seepagefrom bothbottom

andsidesp � B � 2d in which d � depth.TheparameterTm makesit possibleto encapsulatekm,

p, B, canalpenetrationinto aquifer, andany othersedimentinformationinto onevariablethathas

units of transmissivity. The parameterTm is usedto representthe resistanceto seepagethrough

the bottom,sidesor both, even whenthe sedimentlayer thicknessandthe pressurearoundit is

not uniform. In computingTm usingtheapproximaterelationshipshown, it wasassumedthat the
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layerthicknessandtheheadgradientareconstant,andthatthegradientcanbeapproximatedusing

∆H
�
δ. As a resultof theassumptionsusedin computingTm, its valuecanbeuncertain.However,

PinderandSauer(1971),SwainandWexler (1996),GenereuxandGuardiario(1998),Chin (1991)

andothersusedsimilar approachesto characterizetheresistanceof thesedimentlayer. Valuesof

km
�
δ describedin theequationareavailablefor someareasof SouthFlorida. If theseepageoccurs

from thecanalbottomalone(p � B), Tm is obtainedusing

Tm � 0 � 5p km � (7)

If thecanalfully penetratestheaquifer, p � 2d. Otherconfigurationsof thestream-aquiferinter-

facearedescribedin papersincludingoneby Zlotnik andHuang(1999).

METHOD OF SOLUTION

A solutionis obtainedfor thegoverningequations(1), (2) and(3) assumingthat(a) thecanalhas

a uniform crosssectionanda uniform slope;(b) the canalextendsto infinity in the downstream

direction,and(c) theaquiferis semi-infinitein thesamedirection.Perturbationequationsaregen-

eratedfor thegoverningequationsby settingthevariablesto H � H0, h � h0 andq � q0 aswell as

slightly perturbedsolutionsH � H0 � H � , h � h0 � h� andq � q0 � q� . Theperturbationequations

for (1), (2) and(3) arerespectively,

∂
∂x

�
Tg

∂H �
∂x � � ∂

∂y

�
Tg

∂H �
∂y � � sc

∂H �
∂t

(8)

∂h�
∂t � ∂q�

∂x � 2Tg

B

�
∂H �
∂y � y
 δ 	 � 0 (9)

∂h�
∂x � Sf � n

q�
q0 � � m � n� h�h0 � � 0 (10)

Ponceet al. (1978)andSamuelsandSkells (1990)have alsoobtainedperturbationequationsfor

canalflow.

Solutionsof theexponentialform areassumedfor theperturbationequations.Thesesolutions

guaranteethat thereareno discontinuitiesat thecanal-sedimentandsediment-aquiferinterfaces.

Thesolutionsareasfollows.

canal: h� � x � t � � h� exp � f t � λx� (11)
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sediment: H � � x � y� t � � h� exp � f t � λx � θy� for 0 � y � δ (12)

aquifer: H � � x � y� t � � h� exp ��� f t � λx � θδ � µ � y � δ ��� for y � δ (13)

canalflow: q� � x � t � � q� exp � f t � λx� (14)

here, f , λ, µ, andθ arecomplex constants;f � f1 � f2I , λ � λ1 � λ2I , µ � µ1 � µ2I , θ � θ1 � θ2I ,

I ��� � 1 in which thesubscriptedvariablesarereal. For many problems,λ1 andµ1 arethedecay

constantsfor water level disturbancesalong the canaland the aquifer; λ2 and µ2 are the wave

numbersof thedisturbancesalongthecanalandtheaquifer; f1 � a time decayconstantfor water

level disturbances;f2 � acharacteristicfrequency of theproblem.After substitutingthesolutions

(11), (12),(13),and(14),equations(8), (9) and(10) respectively become

Tg � λ2 � µ2 � � sc f (15)

f h� � 2Tg

B
µeδθh� � λq� � 0 (16)

λh� � � m � n� Sf

h0
h� � Sf nq�

q0 � 0 (17)

Equating(12)and(13) in (5) and(6),

Tgµ � Tmθ (18)

whichgivesθ � Tgµ
�
Tm to beusedto replaceθ in (16). For thehomogeneoussystemof equations

(16)and(17) to haveanontrivial solutionin � h� � q��� , thedeterminantof thecoefficientmatrixmust

vanish.Thisconditionis givenby

� f � 2Tg

B
µexp � Tg

Tm
µδ � � Sf n

q0 � λ � λ � � m � n� Sf

h0 � (19)

Equations(15)and(19)arethetwofinal equationsthatdescribethepropagationof smallamplitude

waves.Equation(15)representsthegroundwaterresponseandEq.(19)representsthesurfacewater

responsealongthe canal. A numberof simplifying assumptionscanbe usedto obtainpractical

solutionsto theseequations.

Selectionof dimensionlessparameters

Dimensionlessvariablesareusedto simplify thegoverningequationsdescribedby (15) and(19).

Thedimensionlessvariablesareselectedsothatthefinal form of thegoverningequationdoesnot
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retaintoo many empiricalconstantscomingfrom thefriction equations.A characteristiclengthΛ

relatedto the wave numberof the waterlevel disturbanceis definedfirst. It is usedto make the

otherlengthsdimensionless.It is definedas

Λ � � q0

nSf fr � Tc

nfr
(20)

in which fr � a characteristicfrequency of thesystem.TheparameterTc is usedto linearizethe

resistanceto flow alongthecanal.It is similar to aquifertransmissivity andis definedas

Tc � q0

Sf
(21)

with q0 beingcomputedby using(4). Variablesλ andµ aremadedimensionlessby usingλ̂ � λΛ,

µ̂ � µΛ, andx̂ � x
�
Λ. Similarly, t and f aremadedimensionlessusingt̂ � frt and f̂ � f

�
fr . If the

systemis disturbedby awaterlevel fluctuationof frequency fr at theupstreamendof thecanal,f2

is consideredto bethis disturbingfrequency ( f2 � fr ).

Thetransmissivity ratioparameterPr characterizingthetransmissivity, storagecoefficient,and

canalfriction is definedusing(15)and(20)as

Pr � Tg

sc frΛ2 � nTgSf

scq0 � nTg

scTc
(22)

Thecanalwidth parameterPb characterizingthecanalwidth is definedas

Pb � B
Λsc

(23)

ThecanaldepthparameterPd characterizingthecanaldepthandthecanalslopeis definedas

Pd � h0� m � n� Sf Λ
(24)

ThesedimentresistanceparameterPm characterizingtheresistanceof thesedimentlayeris defined

as

Pm � Tm

δ frΛsc � � km

δ � � 1fr � � BΛ � � 1sc
� (25)
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Variablesusedto definePm show that km
�
δ is a parameterthat canbe usedto explain sediment

resistance.Usingthesedimensionlessparameters,thesystemof governingequations(15)and(19)

canbereducedto thefollowing form.

Pr � λ̂2 � µ̂2 � � f̂ (26)

λ̂2 � λ̂
Pd � 2µ̂Pr

Pb
exp � Pr µ̂

Pm
� � f̂ (27)

Equations(26)and(27)describethebehavior of smallwaterlevel disturbancesin thecanalunder

transientconditions.Realandcomplex componentsof λ̂ andµ̂ describetheexponentialdecayand

thewave numberrespectively. Variablesλ̂ andµ̂ correspondto thecanalandtheaquiferrespec-

tively. Realandimaginarycomponentsof f̂ describetheexponentialtimedecayandthefrequency,

respectively. ThesolutiondependsonPr , Pb, Pd, andPm.

SOLUTIONS OF THE GOVERNING EQUATIONS

Analytical solutionsto thegoverningequationscanbeobtainedonly for anumberof simpleprac-

tical problems.Thesesolutionscanbeobtainedby solving(26) and(27) simultaneouslyfor two

of thethreecomplex variableŝλ, µ̂ and f̂ whenthethird is known. Thefollowing problems(a)and

(b) cover two of thesethreeproblemtypes.Thethird problemtype,involving thedeterminationof

λ̂ and f̂ for aknown µ̂, is notdescribedin this paper.

(a) Behavior of canaland aquifer water levelswhena small continuoussinusoidalwater level

disturbance is intr oducedat the upstreamcanalboundary

Whena continuoussinusoidalwaterlevel disturbanceis introducedat theupstreamendof a slop-

ing canal,thewavenumberλ2 andtheamplitudedecayconstantλ1 of thedisturbancein thecanal

canbe obtainedby solving (26) and(27) simultaneouslyfor a known f � fr I , ( f1 � 0 � f2 � fr )

in which fr is thefrequency of thedisturbance.Sinceit is not possibleto obtaina simpleexplicit

solution,threealternativeapproacheswereusedto solvethecoupledequations.Thefirst approach

wasto simply useMathematica(Wolfram, 1996)directly. This methodworked,but thesymbolic

solutionwasinaccuratefor certainrangesof parameters.Thesecondandthird solutionmethods

aredescribedbelow.
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(i) Iterativesolution

The iterative methodis the most accuratemethodfor a variety of practicalproblems. It takes

advantageof the fact that λ̂ �!� µ̂ for groundwaterflow. Undersuchconditions,the systemof

equationsconsistingof (26)and(27)canbesolvediteratively. Thefirst equationin theiterationis

obtainedusing(26)as

µ̂ � � � I
Pr � λ̂2 (28)

in which f̂ � I , sincef � fr I . Thenegativerootsareselectedfor bothλ̂ andµ̂ to representsolutions

thatdecaywith timeanddistance.Thesecondequationfor theiterationis obtainedusing(27):

λ̂ � 1
2Pd � I � 1

4P2
d � 2

µ̂Pr

Pb
exp � Pr µ̂

Pm
� (29)

Equation(28) is solved for µ̂ first using λ̂ from the previous iterationor zero. Equation(29) is

solved next to obtain λ̂. The valueof µ̂ is updatednext using(28). The two stepsarerepeated

until thesolutionconverges.In thetestproblemsdescribedlater, theanalyticalsolutionis obtained

usingthismethod.

(ii) Approximateexplicit solution

An approximateexplicit solutioncanbeobtainedfor thecoupledequations(28)and(29)by taking

advantageof thecondition λ̂ �!� µ̂ for groundwaterflow. This is truewhenPr �"� 1. Thevalue

of µ̂ is first computedexplicitly using (28) after neglecting the valueof λ̂2. This valueof µ̂ is

substitutedin (29) to obtainthefollowing approximateequation:

λ̂ � 1
2Pd � I � 1

4P2
d � 2 � Pr I

Pb
exp � � � 0 � 5Pr

Pm
� (30)

In the part of the expressionexp � µ̂Pr
�
Pm � in (29) which wasoriginally exp � δθ � in (16), it was

assumedthat the sedimentlayer is thin, the storagedoesnot change,andthat thereis no phase

lag whena disturbancepassesthroughit. This assumptionis useful in simplifying the solution

by neglecting the imaginarypart of θ. As a result, it also becomespossibleto definea single

parameterχ to characterizestream-aquiferinteraction.Equation(30) cannow beexpressedusing

χ andPd only, in whichPd is usedto describesthecanalhydraulics.Theparameterχ is definedas

χ � Pb� Pr
exp � � � 0 � 5Pr

Pm
� with asedimentlayer (31)
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χ � Pb� Pr
withoutasedimentlayer (32)

Theparameterχ consistsof two groupsof variables.ThegroupPb
� � Pr describesthecanaland

aquifercharacteristics.Thegroupexp � � � 0 � 5Pr
�
Pm � describesthecharacteristicsof thesediment

layer. The influenceof thesedimentlayer is simply to modify χ by the termexp � � � 0 � 5Pr
�
Pm� .

Whenthis lattertermis zero,χ � 0, andthecanalis completelyisolatedor cutoff from theaquifer.

Theinfluenceof thesedimentlayeron insulatingthecanalfrom theaquiferis describedlater.

Behavior of thesolution

Analytical solutionswith realandimaginarycomponentsof λ̂ andµ̂ areplottedin Figures2 and

3 respectively. They areobtainedusing(30). Both graphsshow thatsmall valuesof χ give large

negative valuesof λ̂ implying largedecaysin waterlevel disturbances.Both graphsshow that in

relatively deepflat canals(Pd � 0 � 5), thedependenceof thesolutionon χ ceaseswhenχ is greater

thanabout10. This shows thatwaterlevel disturbancecharacteristicsin thecanalareunaffected

by its interactionwith theaquiferfor largevaluesof χ andPd. This zoneof no interactionis the

zonein which λ̂ linesareparallelto theχ axis.Equation(30)alsoshows thatwhenPb
� � Pr # ∞,

the solution λ̂ is a function of Pd only. If the canalis very deepandthe bottomslopeis small,

Pd # ∞, andλ̂ � � � 1 � I � � � 2 asseenin bothplots.

WhenPd andPb arevery largeandλ2 is very small, µ̂ in (28) canbeusedin (30) to obtainan

orderof magnitudeestimatefor µ̂
�
λ̂ as1

� � Pr . This is theratiobetweenwave lengthsin thecanal

andtheaquiferwhenPr �!� 1 andµ̂ �"� λ̂.

Insteadof usingtheapproximatesolutionof (30), if thecompleteequations(26) and(27) are

solvedusingtheiterativemethod,theplot in Fig. 4 canbeobtained.In this figure, � λ̂1 is plotted

againstPr andPb
� � Pr . This figure is usefulin understandingtherangeof validity of theapprox-

imatesolutionof (30) shown in Fig. 2 andFig. 3. Figure4 shows that λ̂1 is a function of χ and

Pb
� � Pr overonly alargebut limited rangeindicatedby theareain whichall thecurvesareparallel

to thePr axis.If Pr is toolarge( � 0 � 1 for mostpracticalpurposes),� λ̂1 is notafunctionof Pb
� � Pr

alone,and(30)becomesinaccurate.Largevaluesof Pr imply aviolationof theassumptionλ �!� µ
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(or Tg �"� Tc) thatwasusedto obtaintheapproximateform (30).

Insulatingeffectof thesedimentlayer

In the governingequations,sedimentlayer characteristicsaredescribedusingthe dimensionless

parametergroup � 0 � 5Pr
�
Pm. Whenthesedimentlayerconductivity is largeor thesedimentlayer

is thin, � 0 � 5Pr
�
Pm becomessmallandtheexp � � � 0 � 5Pr

�
Pm � termin (30)or theexp � δθ � termin

(16) comescloserto 1. Whenthis happens,χ becomesequalto Pb
� � Pr , andthesedimentlayer

ceasesto haveany influenceon thesolutionof λ̂.

Whenthesedimentlayerconductivity becomessmallor thesedimentlayerthicknessbecomes

large, the term exp � � � 0 � 5Pr
�
Pm � in (30) or exp � δθ � in (16) becomessmall. Only a portion of

thehydrostaticpressuredisturbancein thecanalwill betransmittedto theaquiferat this point. At

thelimit of χ # 0, thecanalis fully insulatedfrom theaquiferby thesedimentlayerandλ̂ in (30)

becomesa functionof Pd only.

Equation(30)showsthatmany differentcombinationsof Pb
� � Pr and � 0 � 5Pr

�
Pm cangivethe

sameχ andthereforethe samesolution λ̂. In orderto obtaina limiting valuefor � 0 � 5Pr
�
Pm at

which the sedimentlayer can just preventswater level disturbancesin the canalfrom affecting

the headdisturbancesin the aquifer, an arbitraryreductionof χ to 5% is considered.Whenthis

happens,exp � � � 0 � 5Pr
�
Pm� � 0 � 05 or � 0 � 5Pr

�
Pm � 3. This conditioncanbe usedto definean

approximatehydrauliccutoff pointbetweenthecanalandtheaquifer. Thisconditionis

Pm� 0 � 5Pr
� 1

3
� (33)

Whenthis conditionis met,waterlevel disturbancesin thecanalarerelatively unaffectedby the

aquifer. Thedisturbancesarenot felt outsidethesedimentlayer, andaquiferpropertiesdo not af-

fect thesolution.Thecanalthenactsasif it runsthroughanaquifermadeof thesedimentmaterial.

Equations(28) and(29) arevalid for theentirecanal-aquifer-sedimentsystemonly whenthereis

nohydrauliccutoff.
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Physicalcharacteristicsof smallwaterlevel disturbances

Thesolutionsλ̂ andµ̂ canbeusedto determinemany physicalcharacteristicsof smallamplitude

waterlevel disturbances.Table1 showssomeof theexpressionsthatwereusedto determinethese

characteristics.Thelogarithmicdecrementmentionedin thetableis measuredusingtheamplitudes

of two consecutive cyclesandcanbeusedto quantifydecay. Someof thedefinitionsusedin the

table were obtainedusing Wylie (1979) and Ponceet al. (1978). The physicalcharacteristics

listedin thetablecanbemeasuredin thefield or computedusingnumericalmodels.Theaccuracy

of numericalmodelscan be estimatedby comparingthe analyticaland model valuesof these

properties.

(b) Behavior of a sinusoidalsmall amplitude water surfaceprofile in a canalwith time

Thegoverningequations(26)and(27)canbesolvedfor µ̂ and f̂ if λ̂ is known. As thefirst step, f̂

is eliminatedfrom (26)and(27) to obtain

λ̂2 � λ̂
Pd � 2µ̂Pr

Pb
exp � Pr µ̂

Pm
� � Pr � λ̂2 � µ̂2 � (34)

This equationis solved for µ̂ assuminĝλ is in the form λ̂2I whereλ̂2 is a dimensionlesswave

number. An explicit solution can be obtainedwhen there is no sedimentlayer by solving the

quadraticequationto obtain

µ̂ � 1
Pb � 1

Pb � λ̂
PrPd � λ̂2

Pr
(35)

Theparameterf̂ canthenbedeterminedby using(26).

TEST PROBLEMS

Two numericalmodelswereusedwith two testproblemsto determinehow theanalyticalsolutions

derivedearlierunder(a)wouldcomparewith thenumericalsolutions.Thenumericalmodelsused

were the MODFLOW model (McDonald and Harbaugh1988), and the Hydrologic Simulation

Engine,HSE (Lal 1998b,Lal et al., 1998c). HSE is an implicit finite volumemodelwith fully

coupled2-D overlandflow, groundwaterflow andcanalflow features.Oneof the testproblems

usedwassimilar to theproblemusedby PinderandSauer(1971). Thediscretizationsusedwere

somewhatcrudeto allow for timely completionof theexperiments.
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(a) Testsusing the MODFLO W model

A singlelayer2-D MODFLOW modelwasusedto solve thefirst testproblemanddeterminethe

exponentialdecayconstant̂λ1 in thecanal.Figure5 shows thecell configurationused,with cells

fully covering the canalandthe 50 km $ 50 km, square-shaped,confinedaquifer. The aquifer

wasdiscretizedusing1000m $ 1000m cells.Thecanalandthesedimentlayerswererepresented

usingfour rowsof cells.Dif ferentcanalandsedimentlayerwidthsneededfor theexperimentwere

obtainedby usingdifferentcell widths. No-flow boundarieswereassumedat theoutsidebound-

aries.Insteadof anonlinear, Mannings-typefriction equation,a linearfriction equationsuchas(4)

wasusedwith n � 1 andm � 0. Equation(21)wasusedto computetheconstantTc.

During the experiments,the water level at the upstreamboundaryof a horizontalcanalwas

variedcontinuouslyin a sinusoidalmanner. Dif ferentperiodsof oscillationwereusedfor differ-

ent testruns. Theupstreamamplitudewasmaintainedas1.0 m, which is small comparedto the

aquiferdepthof 50.0m. To establishthe initial condition,sinusoidalwaterlevel variationswere

maintainedat theupstreamendfor sometimeuntil thewaveshapesatadownstreampointbecome

consistentlysimilar. The time stepusedwas1/50thof theperiodof oscillation. Theexponential

decayrateof thesinusoidalwave in thecanalwasobtainedby measuringtheamplitudeof water

level variationalongthe canalat a numberof pointsandplotting its log valueagainstdistance.

Approximately10-50cyclesof sinewaveswereallowedto passbeforea stabledatasetcouldbe

obtained.The parametersneededfor the experimentwereselectedso that the solutiondoesnot

extendtoocloseto theboundary.

(i) Testwith varyingPb

This testwasconductedto determinewhethertheanalyticalsolutiondevelopedearliercanaccu-

ratelypredictthesolutiondescribingthedecayrateλ̂1 andthewavenumberλ̂2 obtainedby using

MODFLOW modelruns. The resultswereplottedagainstvariouscanalwidths or Pb to seethe

agreement.In thetestPr wasmaintainedat two constantvalues1.0 $ 10
 2 and1.0 $ 10
 3, andfor

eachvaluemodelrunsweremadeusingdifferentPb. A sedimentlayerwasnot used.Theparam-

etersfor this experimentareshown in Table2. High valuesof transmissivities exceeding1 m2 � s
14



arecommonin SouthFloridaasdescribedby FishandStewart (1991),Chin (1991),andGenereux

andGuardiario(1998). The reasonfor the severity of the of stream-aquiferinteractionalsohas

to do with the he high transmissivity of the aquifer. Large valuesof transmissivities chosenfor

the experimenthelpedto increasethe rangeof dimensionlessparametersusedin the experiment

aswell. Figure6 shows theagreementof analyticalandnumericalresults.Theseresultsshow a

reductionof thedecaywhenthewidth is increased.Theanalyticalsolutionswereobtainedusing

theiterativemethod.

Thedifferencesbetweentheresultsof thenumericalmodel(MODFLOW, HSE)andtheana-

lytical methodcanbe dueto a numberof reasons.The resultsaredifferentprimarily dueto the

difficulty of representingananalyticalproblemexactly usinga numericalmodel. Theresultsare

differentdueto the numericalerrorsresultingfrom relatively crudecrudediscretizationaswell.

Fineresolutionsaresometimesprohibitivedueto excessiverun times(Lal, 1998a,2000).Numer-

ical errorsexist in problemswith boundariesat infinity, becausemodelshave finite grids thatdo

not extendto infinity. Difficulty of obtainingaccurateinitial conditionsfor thenumericalmodels

is anotherreasonfor the difference. Methodsusedto computeλ̂ from the resultsof numerical

modelscanalsointroduceerrors.

(ii) Testwith varyingPr

This testwascarriedout to determineif theanalyticalandnumericalsolutionsagreefor anumber

of conditionsunderwhichPr or thetransmissivity ratio is variedwhile maintainingPb at0.05.Fig-

ure7 showsthevariationof λ̂1 with Pr . Thedifferencesbetweenanalyticalandnumericalsolutions

canbeattributedto numericalandothererrorsexplainedearlierin the previoussection.Table2

showstheparametersusedin themodelruns.

(iii) Testwith varyingPm

This testwascarriedout to determineif the analyticalandnumericalsolutionsagreewhen the

bottomsedimentresistancePm is variedwhile keepingvaluesof Pr � andPb constantat 0.1 and

0.25,respectively. Figure8 shows thevariationof λ̂1 with Pm. Table3 shows thevaluesof thepa-

rametersused.Thefigureshowsthatthedecayof adisturbancemeasuredby λ̂1 increasesaskm
�
δ
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is increased.In thefigure,thepoint at which thecanalbecomescompletelyinsulatedis described

by (33) asPm � 0.22.Theanomalyin thedatapoint correspondingto Pm � 0 � 06 shows that λ̂1 is

independentof Pm whenthecanalis fully insulated.It shows that thesameanalyticalsolutionis

discontinuousat thecutoff.

(b) Testsusing the HSE model

Thesetestsarevery similar to theonesperformedby PinderandSauer(1971)with their model,

by Swain andWexler (1996)with theBRANCH model(Schaffranek1987)andby Walton et al.

(1999)with theUNET (HEC 1996)model. The objective is to determinewhethertheanalytical

andnumericalsolutionsagreeunderavarietyof testconditions.Thesetestsareusefulin verifying

the accuracy of numericalmodels. The original problemby PinderandSauerhada numberof

unknown conditionsanddid not have an analyticalsolution. Following is a modifiedversionof

theoriginal problemthatis easierto setup.

As in theoriginal problem,themodifiedsystemhasa flood plain thatis 39,624m (130,000ft)

long,427m (1400ft) acrossthevalley, andsurroundedby animpermeableboundaryon all sides.

Thehydraulicconductivity of theaquiferis 3.048 $ 10
 3 m/s (0.01ft/s), andtheaquiferstorage

coefficient is 0.25. Theaquiferis confined,67.05m (220ft) thick at theupstreamboundary, and

27.43m (90 ft) deepat the downstreamboundary. The channelis locatedat the centerof the

aquiferparallelto its longerside.It hasa slopeof S0 � 0.001,width of B � 30.48m (100ft), and

a Manningsroughnessof 0.03858.Theuniform flow depthis h0 � 6.09m (20 ft) computedfor a

dischargerateof 509.7m3 � s (18000 f t3 � s) in thecanal.Thehydraulicdepthis assumedto equal

theactualcanaldepthto makethisapplicationcompatiblewith theMODBRANCH applicationby

Swain andWexler (1996). Seepageis assumedto occuronly from thebottom. Thedownstream

boundaryis assumedto have uniform flow at a slopeof 0.001. The triangularcell discretization

for theproblemhasright-angledtriangles609.6m long in thedirectionof thecanaland15.24m

across.TheMODBRANCH modelexplainedearlierhasrectangularcellswith thesamedimen-

sions.Thetimestepis 5 min. Two of thetestscarriedoutwith theHSEmodelaredescribedbelow.

(i) Testto comparewaterlevelscomputednumericallyandanalytically
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Thepurposeof this testis to comparethewaterlevelscomputedusingtheHSEmodelwith thewa-

ter levelscomputedusingtheanalyticalmethod.Thefloodhydrographintroducedat theupstream

boundaryconditionis

Q � 509� 70 � 141� 58sin� 2πt
Tp
� (36)

in whichTp � periodof thedisturbance� 5 hrs. Accordingto theconditionsderivedby Ponceet

al. (1978),thisproblemcanbesolvedusingadiffusionmodelsuchasHSE.Figure9 showsoutput

discharge ratesin the canalcomputedat a distanceof 14630m (48000ft) alongthe canal. The

analyticalsolutionis obtainedusingthefollowing parameters:fr � 3.49 $ 10
 4 s
 1; q0 � Q
�
B �

509.7/30.48=16.72m2 � s; Sf � 0.001;n � 2. Whenusedwith thesevalues,Eq. (20) givesΛ �
4894.3m; Eq.(23)givesPb � 0.0249;Eq.(24)with m � 1.333givesPd � 0.3737. Considering

that the transmisssivity Tg � 0.204m2 � s, Pr canbecomputedas9.779 $ 10
 5. Solving(28) and

(29) for k
�
δ � 2.803 $ 10
 4, (Pm � 0 � 01), it is possibleto obtainλ̂1 � -0.1785,λ̂2 � -0.3409,µ̂1,

� µ̂2 � -71.5.Thesevaluesareusedto obtaintheanalyticalsolutionfor thedischargeatadistance

x from theupstreamboundaryas

Q � 509� 7 � 141� 58exp � λ̂1x
Λ � sin� frt � λ̂2x

Λ � (37)

Whenthereis no interactionwith thegroundwateraquifer, λ̂1 � -4.779 $ 10
 2 andλ̂2 � -0.3608.

Thesevalues,whencomparedwith λ̂1 � -0.1785and λ̂2 � -0.3409,show that the decayrateof

the amplitudein the canalis significantlyaffectedby its interactionwith the aquifer. Similarly,

the wave period, representedby λ̂2, changesfrom -0.3409to -0.3608,indicating that thereis a

slowdown. Analytical solutionsof µ̂1 � µ̂2 � -71.5canbeobtainedusing(29).

(ii) Testwith varyingPm

Thistestwasconductedto determineweathertheλ̂1 andλ̂2 valuescomputedusingtheHSEmodel

agreewith theanalyticalsolutions.During thetestsPm, representingthesedimentresistance,was

variedwhile maintainingotherparametersconstant.TheHSEmodelvalueof λ̂1 wascomputedby

monitoringtheoutputto obtaindischargetime seriesat two arbitrarypointsalongthecanal.The

ratio of amplitudesat thesepointscanbe shown to be y2
�
y1 � exp � � λ1 � x2 � x1 �%� which canbe

usedto computeλ̂1. For thecurrenttestx1 � 609.6m andx2 � 609� 6 $ 25 � 15240wereused.
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Thevalueof λ2 wasdeterminedby measuringthe time of travel of a peak.Figure10 shows that

thevaluesof λ1 andλ2 obtainedanalyticallyandnumericallyusingtheHSEmodelagreeapprox-

imately. The differencebetweenthe valuescanbe due to numericalerrorsandotherproblems

mentionedearlier.

The analyticalsolution for µ̂2 can be usedto obtain µ2 � µ̂2
�
Λ � 0.01461. This gives the

wave lengthof thedisturbancesin theaquiferperpendicularto thecanalas430m. For a 0.16%

error in spatialrepresentationanda � 5% computationalerror margin, Lal (2000)showed that

∆y � 0 � 2� µ2 � 0 � 2� 0 � 0146 � 13.7 m. Comparingthe resultwith a valueof 15.2 m usedin the

numericalmodel, the cell sizecanbe consideredasadequate.Lal (2000)alsoshowed that the

maximumdistanceof propagationin theaquiferbeforetheamplitudedecaysto lessthan5%of its

initial valueis � 3
�
µ2 � 205m. Thisvalueis approximatelyequalto half thewidth of thetestbed

used.

APPLICATIONS

Theanalyticalequationsderivedin thepaperareappliedto evaluatestream-aquiferinteractionat

two sitesin SouthFlorida. The L31N canalandthe SnapperCreekExtension(SNE) canalare

chosenfor thepurpose.Thesetwo canalshavebeenstudiedextensively for seepagerelatedissues

(Chin 1991). Basedon this reference,parametervaluesassumedfor the L31N canalare: q0 �
0.388m3 � s; B � 27 m; h0 � 4.16m; Manningsconstant= 0.025;Sf � 8.14 $ 10
 7; km

�
δ � 1.36$ 10
 3 s
 1; Tg � 1.29m2 � s; andsc � 0.2. Parametervaluesassumedfor theSNEcanalare:q0 �

0.415m3 � s; B � 15 m, h0 � 6.03m; Manningsconstant= 0.025;Sf � 2.72 $ 10
 7; km
�
δ � 1.49$ 10
 3 s
 1; Tg � 1.075m2 � s; andsc � 0.2.

Table4 showssomeof thederivedparameterswhentheperiodsof waterlevel disturbanceare1

day, 7 days,and30days.In thetable,subscript� no � int � refersto caseswherethestream-aquifer

interactionis suppressed.Then,variables∆L and∆y arespatialdiscretizationsto representthesi-

nusoidalsolutionin thecanalandtheaquifer, respectively. They arecalculatedusingthemethods

suggestedby Lal (2000). Thespatialdiscretizationusedfor thecanalandtheaquiferare0 � 2� λ2
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and0 � 2� µ2 respectively for therepresentationalerrorsnot to exceed0.16%andthecomputational

errorsnot to exceed5%. Thetimestepwas0 � 2� f2, in which f2 is thefrequency of thedisturbance.

TheparametersL0 & 5 andy0 & 5 give thedistancesat which thewave amplitudein thecanalandthe

aquiferhasdecayedto 50%of its original value. Thesedimentlayer is responsiblefor reducing

theamplitudeby a factorexp � δθ � or exp � � � 0 � 5Pr
�
Pm � .

Thetableshows thatthereis a significantdecayof waterlevel fluctuationsalongthecanaldue

to its interactionwith theaquifers.A disturbancethathasa periodof 1 daywould travel 57.7km

beforea50%decayin amplitudein alinedL31N canal,andthesamewouldtravel only 20.7km in

anunlinedL31N canal.Theresultingdisturbancein theaquiferdoesnot travel very far, asshown

by thevalueof y0 & 5 � 292m. Thediscretizationin theaquiferin adirectionnormalto thecanalis

relatively fineasindicatedby ∆y of 46 m. Thediscretizationneededto simulatecanalflow is 7.77

km.

Thevaluesof exp � � � 0 � 5Pr
�
Pm� in thetablearecloserto 1.0whentheperiodTp is long. This

indicatesthatthesedimentlayeris relatively perviousundersuchconditionsanddoesnot insulate

theaquiferfrom disturbancesin thecanal.Thesamesedimentlayercaninsulatetheaquiferif the

periodof thedisturbancein thecanalis short.

SUMMARY AND CONCLUSIONS

St Venantequationswith thediffusionflow assumptioncoupledwith two-dimensionalgroundwa-

terflow equationsandsedimentresistanceequationsweresolvedto obtainanalyticalsolutionsfor

smallamplitudewaterlevel disturbances.Theanalyticalsolutionis valid whenPr �!� 1 andwhen

thesedimentlayerδ is relatively thin. Bothof theseconditionsaresatisfiedfor mostapplications.

Theresultsshow thatthesolutiondependsonthreedimensionlessparametergroupsPd, Pb
� � Pr

andPm
� � 0 � 5Pr thatcanbecomputedusingcanalproperties,aquiferproperties,sedimentproper-

tiesandtheperiodsof disturbance.The resultsshow that theamplitudeof thewaterlevel in the

canaldecaysfaster, andthespeedof disturbancepropagationbecomeslower, whenthereis stream-
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aquiferinteraction.Theinteractioneffectsarelesssignificantwhentheperiodof thedisturbance

is small,thewidth of thecanalis large,andtheaquifertransmissivity is small.

The analyticalsolutionof the problemcanbe usedto determineconditionsunderwhich the

stream-aquiferinteractionis not importantwhenstudyingthe transientflow behavior in canals.

In the caseof relatively deepcanals(Pd � 0 � 5), for example, this occursapproximatelywhen

χ � 10,accordingto Fig. 2 andFig. 3. Thefigurescanbeusedto understandthedomainfor which

the interactionis negligible. This domainis the areafor which the solution λ̂ doesnot change

with χ. A sedimentlayer in the canalcanalsoprevent stream-aquiferinteractionby insulating

theaquifer. Theconditionfor morethan95%cutoff of thestreamaquiferinteractionis givenby

Pm
� � 0 � 5Pr � 1

�
3.

Theanalyticalsolutionsweretestedagainstanumberof testsimulationsusingtheMODFLOW

modelandtheHSE.Oneof thetestproblemswasverysimilar to anexampleof PinderandSauer.

Theresultsof all simulationsshow thattheanalyticalandnumericalmodelsolutionsagreeclosely.

Thedifferencescanbedueto numericalerrorsandthedifficulty of settingup a numericalmodel

to matchexactly theconditionsin theanalyticalsolution.

A numberof practicalapplicationswereusedto demonstratethe usefulnessof theanalytical

solution. In two suchapplications,streamaquiferinteractionwasshown to have a significantaf-

fectonthedecaybehavior of waterlevelsin theL31N andSnapperCreekCanalsin SouthFlorida.

Resultsshow thatthedisturbancesin thecanaldonot travel far into theaquifer.

The resultsof the study can be usedto understandand quantify stream-aquiferinteraction,

influenceof the sedimentlayer, andthe discretizationneededfor numericalsimulations. Using

methodsof erroranalysis(Lal, 2000),it is possibleto show thatrelatively smallspatialdiscretiza-

tionsareneededperpendicularto thecanalto modelthestream-aquiferinteractionaccurately.
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Table1: Mathematicalexpressionsusedto describephysicalcharacteristicsof small amplitude

waterlevel disturbancestravelingdown acanal.

Description Expression

Variationof theamplitudeof waterlevel in thecanal H0exp � � λ̂1x̂�
Variationof theamplitudeof waterheadin theaquiferperpendicular

to thecanal

H0exp � � µ̂1ŷ�
Speedof disturbancealongthecanal(dimensionless) 1

λ̂2

Speedof disturbancealongthecanal(dimensional) frΛ
λ̂2

Speedof disturbancein the aquiferperpendicularto the canal(di-

mensionless)

1
µ̂2

Speedof disturbancein the aquiferperpendicularto the canal(di-

mensional)

frΛ
λ̂2

Logarithmicdecrement(Wylie, 1979) 2πλ1
λ2
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Table2: Datavaluesusedfor test(a)cases(i) and(ii) with theMODFLOW model.

T � wave period (s); Tg � aquifer transmissivity � m2 � s� ; Tc � equivalent transmissivity of the

canalasdefinedin (21) (m2 � s); sc � storagecoefficient; B � canalwidth (m). Valuesfor case(i)

andcase(ii) areseparatedby theline.

T Tg Tc sc B Λ (m) Pr Pb λ̂

108 10
 3 1 0.1 400.0 3997 10
 2 1.00 0.79

108 10
 3 1 0.1 160.0 3997 10
 2 0.40 0.86

108 10
 3 1 0.2 40.0 3997 10
 2 0.05 1.75

108 10
 3 1 0.1 8.0 3997 10
 2 0.02 2.65

108 10
 3 1 0.1 40.0 3997 10
 2 0.10 1.31

108 10
 3 1 0.1 80.0 3997 10
 2 0.2 1.03

106 0.2 1000 0.1 40.0 12616 10
 3 0.032 1.31

106 0.2 1000 0.5 400.0 12616 10
 3 0.063 1.036

106 0.2 1000 0.2 400.0 12616 10
 3 0.159 0.842

106 0.2 1000 0.2 40.0 12616 10
 3 0.0159 1.757

106 0.2 1000 0.2 126.1 12616 10
 3 0.05 1.314

106 0.02 1000 0.2 126.1 12616 10
 4 0.05 0.891

106 0.002 1000 0.2 126.1 12616 10
 5 0.05 0.756

106 2.0e-4 1000 0.2 126.1 12616 10
 6 0.05 0.709

106 1.0 1000 0.2 126.1 12616 0.005 0.05 1.683
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Table3: Datavaluesusedfor test(a) case(iii) with theMODFLOW model.

Tm � equivalenttransmissivity of thesediment� m2 � s� . Pr � 0.1,Pb � 0.25,sc � 0.2,Λ � 12616

m, for all cases.In theMODFLOW model,Tg � 20m2 � s, δ � 20.0m, Tc � 1000m2 � s, B � 630.4

m, T � 106s.

Tm Pm λ1

20 126.0 1.506

0.2 0.631 1.393

0.02 0.063 0.910

0.4 1.262 1.469

0.8 2.523 1.504

3.17 $ 10
 4 1.0 $ 10
 3 0.7513

0.254 0.8 1.427

0.0951 0.3 1.258
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Table4: Tableof parametervaluesusedfor theL31N andSnapperCreekextension(SNE)canals

in SouthFlorida
Variable L31N SnapperCreek

Tp (days) 1 7 30 1 7 30

Λ (m) 57280 151550 313750 102550 271260 561670

Pr 2.703' 10( 5 2.703' 10( 5 2.703' 10( 5 7.031' 10( 6 7.031' 10( 6 7.031' 10( 6
Pb 2.339' 10( 3 8.842' 10( 4 4.274' 10( 4 7.281' 10( 4 2.752' 10( 4 1.329' 10( 4
Pm 2.181' 10( 2 5.771' 10( 2 1.194' 10( 1 7.449' 10( 3 1.971' 10( 2 4.080' 10( 2
Pd 26.8 10.1 4.9 64.9 24.6 11.9

exp )+*-, 0 . 5Pr / Pm0 0.845 0.938 0.969 0.777 0.909 0.955

λ̂1 1.915 3.113 4.452 2.349 3.960 5.743

λ̂2 0.821 1.311 1.884 0.823 1.527 2.306

µ̂1 136 136 136 267 267 267

µ̂2 136 136 136 267 267 267) λ̂1 0 no( int 0.688 0.658 0.608 0.699 0.686 0.665) λ̂2 0 no( int 0.707 0.706 0.703 0.707 0.706 0.706

wave length(m) 438,380 726,350 1,046,400 782,750 1,116,180 1,530,110

L0 1 5 (m) 20700 33700 48800 30254 47480 67800) L0 1 5 0 no( int(m) 57700 160600 357800 101700 274000 585000

∆L (m) 14000 23100 33300 24921 33500 48700

y0 1 5 (m) 292 772 1599 266 704 1458

∆y (m) 84 223 461 77 203 421

∆t (days) 0.2 1.4 6.0 0.2 1.4 6.0
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APPENDIX II: DEFINITION OF VARIABLES

Variable Definition

B width of thecanal(m)

f complex constantusedto describethe analyticalsolution � f1 � f2I . For some

problems,f1 is a timedecayconstantand f2 is a frequency.

f̂ variable f madedimensionlessusing f
�

fr .

fr adisturbingfrequency of thesystem.

h waterdepthin thecanal(m).

h0 steadystatewaterdepthin thecanal(m).

h� perturbedvaluesof waterdepthin thecanal(m).

H waterhead(m).

km conductivity of thesedimentlayer, � m� s� .
Tc a linearizedflow resistancefor thecanal � m2 � s� .
Tg transmissivity of theaquifer, � m2 � s� .
Tm sedimentresistance,definedasTm � 0 � 5Bkm � m2 � s� .
Tp periodof thewaterlevel fluctuation(s).

m� n constantsusedin theflow roughnessequation.

Pr � Pd � Pb �2� dimensionlessparametersusedto describetheproblem.

q dischargeperunit width in thecanal,m2 � s.
sc storagecoefficient.

Sf friction slope.

S0 bedslope.

t time (s).

x � y distancesalonghorizontalcoordinateaxes,(m).
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APPENDIX II: DEFINITION OF VARIABLES

Λ characteristiclengthusedto makeall lengthsdimensionless,(m).

λ complex constantsusedto describetheanalyticalsolutionin thecanal � λ1 � λ2I .

For someproblems,λ1 is adecayconstantandλ2 is awavenumber.

λ̂ dimensionlessform of λ or λΛ.

µ complex constantsusedto describetheanalyticalsolutionin theaquifer � µ1 � µ2I .

For someproblems,µ1 is a decayconstantandµ2 is awavenumber.
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Figure1: Schematicdiagramof theaquiferandcanalwith asedimentlayer.
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Figure2: Variationof � λ̂1 with χ obtainedusingtheanalyticalsolution.
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Figure3: Variationof � λ̂2 with χ obtainedusingtheanalyticalsolution
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Figure5: TheMODFLOW grid usedin thetestproblem
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Figure6: Comparisonof the � λ̂1 obtainedby usingthe analyticalmethodandthe MODFLOW

modelfor Pr � 10
 2 andPr � 10
 3 withoutasedimentlayer.
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Figure7: Comparisonof the � λ̂1 versusPb curvesobtainedby usingthe analyticalmethodand

MODFLOW modelfor Pb � 0 � 05,andnosedimentlayer
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Figure8: Comparisonof the � λ̂1 versusPm curvesobtainedby usingtheanalyticalmethodand

MODFLOW modelfor Pr � 0.1,Pb � 0 � 25,andno sedimentlayer.
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